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Abstract

This article considersspline smoothing of variance functions. We focus on selection
of smoothing parameters and dewelop three direct data-driven methods: unbiased risk
(UBR), generalizedapproximate crossvalidation (GACV) and generalizedmaximum lik e-
lihood (GML). In addition to guaranteed corvergence,simulations show that thesedirect
methods perform better than existing indirect UBR, generalizedcrossvalidation (GCV)
and GML methods. The direct UBR and GML methods perform better than the GACV
method. An application to array-based comparative genomic hybridization data illus-
trates the usefulnessof the proposedmethods.

KEY WORDS: array-based comparative genomic hybridization; generalizedapprox-
imate cross validation; generalizedmaximum likelihood; heteroscedasticiy; smoothing
parameter; unbiasedrisk.

1. INTR ODUCTION

Modeling local variability in terms of variancefunction is an important problemwith a wide
range of applications. For example,variancefunction estimatesare neededin nance, quality
control and immunoass& for measuringvolatility or risk (Andersenand Lund 1997, Gallant
and Taudhen 1997), experimertal design(Box 1988), prediction (Carroll 1987,Yao and Tong
1994)and calibration (Raab 1981,Watters, Carroll and Spiegelmanl987). Varianceestimation
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is especially important for detecting geneswith di®eretial expressionacrossexperimertal con-
ditions basedon microarray data (Huang and Pan 2002, Wang and Guo 2004). With a small
number of replicated array experimerts, the standard estimatesof variancesare unreliable. Var-
ious methods have beenproposedto improve estimation of the varianceswhich usually leads
to more powerful tests (Huang and Pan 2002, Wang and Guo 2004, Cui, Hwang, Qiu, Blades
and Churchill 2005). We will apply our variance function estimation methods to array-based
comparative genomichybridization (aCGH) data in Section5. More applications of variance
function estimation can be found in Carroll and Ruppert (1988).

Researb on nonparametric estimation of variance functions has attracted a great deal of
attention (Carroll 1982, Silverman 1985, Hall and Carroll 1989, Ruppert, Wand, Holst and
Hssjer 1997, Fan and Yao 1998, Yuan and Wahba 2004, Dai and Guo 2005). Most researt
concerrates on heteroscedastiaegression. Both local polynomial smaothers and smaothing
splineswere usedto model the variance function nonparametrically Within the smaoothing
spline framework, Yuan and Wahba (2004) usedthe generalizedapproximate crossvalidation
(GACV) method to selectthe smaothing parameterfor estimating the variancefunction, while
Dai and Guo (2005) treated squaredpseudo-residualglag-one di®erencesyas Gaussiandata.
The main goal of this paper is to dewelopand comparese\eral data-driven smaothing parameter
selectionmethods for the smaoothing spline estimation of variance functions.

To simplify exposition, we focus on the situation when direct obsenations on a variance
function are available. Speci cally, we have independert obsenations f (x;;y;); i = 1;¢¢¢;ng
where

yi = exp(f (xi)) A% =k (1)

Afk are iid Chi-squarerandom variableswith degreeof freedomk. Our goalis to estimate the
variancefunction f nonparametrically.

One typical situation leadingto (1) is the following heteroscedastiadegressionmodel with
replicates

z; =i+ exp(f (x)=2)%; i=1¢¢;n;|=10e¢k+ 1 (2)
where 2 i N (0;1). Then the samplevariancesy; = P }‘:i(zij i P Jk;'i z; =(k + 1))?=k follow
the model (1). SeeSection5 and Raab (1981) for real examplesof the model (2).

Most nonparametric methods for heteroscedastiaegressionuse squaredresidualsafter t-
ting a nonparametricmodel to the meanfunction (Silverman 1985,Hall and Carroll 1989,Rup-
pert et al. 1997,Fan and Yao 1998, Yuan and Wahba 2004), or squaredpseudo-residualafter
removing the mean by di®erencegsM ler and Stadtmiller 1987, Fan and Yao 1998, Dai and
Guo 2005), as obsenations on a variance function. Under suitable conditions, these squared
residualsand pseudo-residual$ollow the model (1) asymptotically (Fan and Yao 1998,Dai and
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Guo 2005). The degreeof freedomk equalsone for most of thesemethods. Therefore, results
in this article also shedlight on selectionof smaothing parametersfor these methods when k
is small.

We introducesmaothing spline modelsand an estimation procedurein Section2. In Section
3, we review someexisting indirect methods and proposethree direct methods for estimating
smoothing parameters. We report results of extensiwe simulations in Section4 and apply our
methods to a real aCGH data in Section5.

2. SMOOTHING SPLINE MODELS FOR VARIANCE FUNCTIONS

We assumehe model (1) in the reminder of this paper. Considerthe Chi-squaredistribution
as a special caseof the Gamma distribution, we have y; » Gammak=2; 2exp(f (x;))=k) with
log-likelihood

i(fi) = i kyiexp( fi)=2i kfi=2+ c(yi); (3

wheref; = f(x;) and c(y;) = Iog(yi":2i 1(k:2)":2:i( k=2)) which is independent of f;. Spline
smoothing methods for the exponertial family in Wahba, Wang, Gu, Klein and Klein (1995)
can be employed to estimate the function f. Note, howewer, instead of the canonical link
(reciprocal) usedin the previous publications, we usethe logarithmic link in this paper to free
the positive constraint on the variancefunction. We will also proposenew direct methods for
selectingsmoothing parameters.
For simplicity, we assumethat the domain of the function f is [0; 1] and f belongsto the
reproducing kernel Hilb ert space(RKHS)
% Z, Y4
Wn([0;1]) = f : f;f%¢ee;f (™ Dabsolutelycortinuous  (f M)2dx< 1 (4)
0
Our methods apply to generalsmaothing spline and smoothing spline ANOVA models (Wahba

et al. 1995). The smaothing splineestimateoff , f , is the minimizer of the penalizedlikelihood

Z
x n
i li(fi) + 2
- 0
i=1

1(f (M)2dx; (5)

where , is a smoothing parameter cortrolling the trade-o® between the goodness-of- t and
the smoothnessof the function. Let B, be Bernoulli polynomials, A (x) = B,; 1(X)=(r j 1)!,
r = 1;¢¢¢: m, and Ry(S;t) = Ans1 (S)An+1 (1) + (i 1)™i YApmi1 (s t). Then the solution to (5)
is (Wahba et al. 1995,Gu 2002)

oo X0
f00=" dAG)+  GRu(x;X): ®)



For any xed ,, coexcients ¢ = (cy;¢¢¢;c,)" and d = (dy; ¢¢¢;dy)" can be solved by the
Newton procedure (Wahba et al. 1995). Let u; = j dli(f;)=d; = i ky;exp(j fi)=2+ k=2 and
w; = j d?lj(f;)=d? = ky; exp(j fi)=2. The Newton procedureupdatesc and d by iteratively
reformulating the minimization problem (5) as

X Z,

wi (vii fi)?+n,  (FM)%dx; (7)

i=1 0
wherey; = fi; | u;, =wi; is the pseudo-data,the subscript minus denotesquartities evaluated
at the previous Newton iteration (Gu 1992,Wahba et al. 1995).

3. METHODS FOR SELECTING SMOOTHING PARAMETERS

3.1 Indirect Metho ds

A good choiceof the smoothing parameter, is crucial to the performanceof the smoothing
spline estimate f . Note that (7) is the penalized weighted least squaresfor the working
variablesy; and working weights w;; . An indirect (or iterative) method choosesa smaothing
parameter at ead iteration for the reformulated problem (7) and hopesit will converge (Gu
1992). To estimate, at ead iteration, we may usethe UBR, GCV or GML methods which
respectively minimizesthe following UBR, GCV and GML scores

u() = %MIiAc»W%%W+2§UALx ®)
k(i AQ )W Py

V)= TEmwa s AN ®)
T 1=2 . 1=2

M () = vy W AW Ty (10)

[det” (W 2(1 § A()W 2)]mm

wherey = (y1; ¢0¢;y)", W _= diag(wy,; ; ¢¢¢;wp, ), fi = f (X)), A(,) satises
(W32 13 008, Wi of 0)T = A( (W oy 688, Wi oya)T, 3% = L, u? =nw;, , and det’ is the
product of the nonzeroeigervalues(Wahba et al. 1995,Gu 2002).

One problem with the indirect methods is that it does not guarartee corvergence. For
Binomial and Poissondata, extensive simulations indicate that convergenceis achieved for
almostall situations (Wang, Wahba, Chappell and Gu 1995). The performanceof theseindirect
methods for Gamma data has not beenstudied. For Binomial and Poissondata, somedirect
methods have beendeeloped and found to work better than the indirect methods (Xiang and
Wahba 1996, Gu and Xiang 2001, Yuan 2005). Again, direct methods for Gamma data have
not beendeweloped.

One measureof the discrepancybetweenthe spline estimatef and the true function f is
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the Kullback-Leibler distance (Wahba et al. 1995)

1 X k X k X
KL(f;f )= - Er, (i(fi) i Li(f;)) = on (exp(fij fi)+f;)i on (1+f): (11)

i=1 i=1 i=1
U (,) providesa proxy of KL(f;f ) (Wanget al. 1995). Ignoring the last term in (11) which
is independert of , and the multiplying constant k=2, we considerthe comparative Kullback-
Leibler criterion

1 X
CKL(f;if)=—  (exp(fii f)+fs): (12)
i=1
One approat isto nd , sud that CKL(f;f ) is minimized. However, as other loss func-
tions, CKL(f;f ) cannot be minimized directly sincef is unknown. In the following three
subsectionswe proposethree direct data-driven methods to select, .

3.2 Unbiased Risk Metho d

In this subsectionwe derive an unbiasedestimate of E(CK L(f;f )). Let h (i; z; @ be the
minimizlsr of (5) whenthe ith obsenation, y;, is replacedby z. Let g; (z) = h_(i; z;x;) and
v(t) = gexp(i gi (2))z€% 1dz. Then for any "xed Yii = (y1;68¢;yi; 1;Vis1; €¢¢;yn)T, when
k., 3,wehave

E(exp(fii f.i))

Z,
_ exp(fi) 2exp(fi),; « .
= =2k ) > exp(i g (D)t 1:1 xp(zexp(f) )dt )
_exp(fi) 2exp(fi),; « g kt
= Tk ) Vet Xp(f )) i V(OdEXP 5 )

_ k 2exp(fi),; «
“ etk ), gy

=SB vy Y

wherewe usedthe factsthat E(exp(j f ;)) existsand v(t) exp( kt:2exp(fi))j(1, = 0 (Appendix
A). The derivation is similar to thosein Berger(1980)and Wong (2005) whereabove facts were

assumedas conditions. Then, whenk , 3, an unbiasedestimator of E(CK L(f;f )) is

M 1
UBR(,) = %Xﬂ Svy <t (13)
i=1

The direct UBR estimate of , _is the minimizer of UBR(, ). Gaussianquadrature may
be usedto approximate v(y;) = 8" exp(i g; (z))z**% dz. Howewer, it requires calculating
h_(i; z; § for seweral di®eren valuesof z which can be computationally intensive whenthe sam-
plesizeis large. Simulationsindicate that exp(g; (z)) is approximately linearin z: exp(g; (z)) Ya
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"o+ 1z. We havetried seweral methodsto computethe coetcients ( and i, and found that
the following two work well: (1) computeg; (y;) and g; (yi=2), and then compute o and ; as
the intercept and slope of the line joining two points (yi=2; exp(g; (yi=2))) and (y;; exp(g, (i)));
(2) from Taylor expansionexp(g; (z)) ¥ exp(g; (vi) + exp@; (Y))(@; =@)iz=y (Z i ¥i) ¥
exp( i) + exp( ;)di(zi yi), where (@, =@)j,-y, ¥ di basedon a similar argumert as that
in Appendix B, and d; is de ned later in Section3.3. Thus o % exp(f;)(1i diy;) and
1 Yaexp(f ; )di. Basedon the linear approximation, v(y;) can be calculatedthrough recursiwe
formulas obtained by tedious algebra (not shown). Extensive simulations indicate that above
linear appraximations lead to similar UBR estimates of the smoothing parametersas those
basedon the Gaussianquadrature, and two methods for computing the coexcients ( and
alsolead to similar UBR estimates. We will usethe linear approximation basedon the Taylor
expansionin our simulations sinceit requiresthe leastamourt of computation.

3.3 Generalized Appro ximate Cross Validation Metho d
Letf (1) hethe minimizer of (5) without the ith obsenation andf {i ¥ = f(l (x;). Replacing
exp(fi i f ) by yi exp( f(' ')) and ignoring the multiplying constart 1=n, we obtain a cross-
validation estimate of CK L(f )
X3 _ ’
CV()=  wexpl fiN)+f (14)
i=1
It is usually expensi\e to compute CV (, ) for largen. We now introduce an appraximation
of CV(,). Letf = (f;;00¢;f,)7, Trnem = FA(MX)IL, 1, and § = fRi(Xi; ;)0 ;- Let
T = (Q; Q,)(RT 0")T be the QR decompsition of T and - = Q,(Q8 Q,)YQJ wherey is
the Moore-Penrosegeneralizedinverse. Thenf = Td + §c, Ol(f (M)2dx = f T- f, and the
penalizedlikelihood (5) can be rewritten as (Xiang and Wahba 1996)

X n
J = li(fi) + 7’fT-f: (15)
i=1
LetW = diag(ky;exp(i f 1)=2;¢¢¢; ky, exp(i f ,)=2),V = diagkexp(i f 1)=2; ¢¢¢;k exp(
andD = (W _ +n, - ) V. An appraximation of CV(, ) is (Appendix B)

X di expl fi)yi(yii exp(f,))
ACVE)= L0 - 1 diexp(;) '
P
whereL(,) = ., (yiexp( f;)+ f;) and d; is the ith diagnal elemen of D. Replacing
exp(f ; )d; by tr(W 3D W ;%)=nwhereW , = diag(exp(f 1); ¢¢¢;exp(f ,)), we geta general-
ized ACV
tr((Wg°DW;2) X
ni tr(Wgs°DWg?2) .,
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Replacingexp(f ; )d; in the denominator by tr (W ; °DW g 2)=n and d; in the numerator by

tr (D )=n, we get another generalizedACV

tr(D) X

GACV,(,) = L(,)+ - -
2 nij tr(W é‘ZDW 3‘2) i=1

yi(yi i exp(fi))exp f;):

GACV;,(, ) is the sameasthe GACYV in Yuan and Wahba (2004) (note that thereis a typo
in their formula). The GACV1 and GACV2 estimatesof , are minimizers of GACV,(, ) and
GACV,(, ) respectively.

3.4 Generalizedp Maxim um Lik eliho od Metho d

Let F(x) = M WA(x) + b2Z(x) be the prior for the function f, where % N(0;a),
b= 2=kn, , Z(x) isaGaussianprocessndependen of |4's with E(Z(x)) = OandE(Z(s)Z(t)) =
Ri(s;t). We assumethat obsenationsy = (yi1;¢¢¢;y,)" are generatedaccordingto the model
(1) conditionalonf = F. Asa! 1, Gu (1992)showved that the posterior mean E(F (x)jy)
appraximately equalsthe spline estimatef (x).

Let u. and wi; be u; and w; ewvaluated at corvergenceof the Newton procedure. Let
Uc = (Use 68¢; Unc)T, W = diag(wag; ¢¢¢;wic), £ = (f g;00¢;f )T, y. = f | Wity
§.=WX2sW X 2andT,.= W T. Let (Q,. Q,)(R. 0")T bethe QR decompsition of T,
andUa U T bethe spectral decompsition of Q.8 .Q,. Wherea = diag(, «n;° = 1;¢¢¢;nj m).
Let z = (z1;8¢¢;2y, )" = UTQJ.W ™y . Then, using the equation (16) in Liu, Meiring and
Wang (2005) and ignoring a constart, we have an appraximation of the negative log marginal
likelihood of y

m M )l
GML(,) =i . li(fi)i EucTW(‘;luc+ L In(, on=n, + 1)+ _KmZ InjRj:
- : 4 2, ,on=n, +1

(16)
The GML estimate of | is the minimizer of GML(, ). Liu et al. (2005) usedthe approximated
marginal likelihood to construct GML tests for generalizedinear models. This approximation
has not beenexploredas a tool for selectingthe smoothing parameter for non-Gaussiandata.
Its performanceis unknown.

4. SIMULA TIONS

Onesimpleand commonlyusedapproad is to transformy; in the model (1) usinglogarithm
and then 't the transformed data using a penalizedleast squaresmaothing spline. We refer
to this simple approad asthe transformation method. In the following simulation, we usethe
GCV method to selectthe smoothing parameterfor the transformation approad.

We generatedata from the model (1) with f(x) = 2sin(2wx) + 3 and x; = i=n. We
use a factorial designwith three di®eren frequenciesw = 1;2; 3, four di®eret samplesizes
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n = 10Q 20Q 300 400, and four di®eren degreesof freedomk = 1;2;3;4. We t the model (1)
usingeight methods: direct UBR, direct GML, GACV1, GACV2, indirect UBR, indirect GCV,
indirect GML and transformation. For eat simulation setting, we repeat the simulation 100
times.

Table 1 lists the number of replications that the indirect methods failed to corverge. Con-
vergenceis achieved by all other methods when k = 1;2; 3, and by all methods whenk = 4.
Contrary to our experiencewith the Binomial and Poissondata, the indirect methods some-
times fail to corverge. The non-corvergenceproblem is quite sewere for the indirect UBR
method whenk = 1 and disappearsquickly ask increases.When k = 1, the problem remains
even when the samplesizeis large (n = 400).

‘ Put Table 1 here

Figure 1 shaws the CKL for all settings. In general,direct methods perform better than
indirect methods. The indirect UBR method su®erdrom the non-corvergenceproblem. When
converges,the indirect UBR method performsaswell asthe direct UBR method. In additional
to the occasionalnon-corvergenceproblem, the indirect GCV and GML methods have larger
CKL than their direct courterparts. The simple transformation method has much larger CKL
especially whenk is very small (k = 1 and k = 2).

Among the direct methods, UBR and GML always have the best performance. Therefore,
they are recommended.GACV2 performs better than GACV1, neither of which performs as
well asthe direct UBR and GML methods due to occasionalover-smathing. Eventhough the
unbiasednesgroperty is establishedfor k ; 3 only, we newerthelessapplied the direct UBR
method to the casesof k = 1 and k = 2. Performancesof the direct UBR method for these
casesare similar to thosefor larger k. The direct GML method is new for non-Gaussiandata.
We postulate that it can be extendedto Binomial and Poissondata, and can perform better
than someexisting methods.

Put Figure 1 here

5. APPLICA TION

Comparative genomichybridization (CGH) is a technique designedfor detecting segmetal
genomicalterations. Recert advancesin array-basedCGH (aCGH) technology have enabled
examination of chromosomalregionsin unprecedeted detail, revolutionizing our understanding
of chromosomealterations assaiated with tumorigenesisand many dewelopmeral abnormali-
ties (Alb ertson and Pinkel 2003, Mantripragada, Buckley, de Stahl and Dumanski 2004). The
aCGHtechnologyuseswo di®erettially labeledtest and referenceDNAs which are cohybridized
to cloned genomicfragmerts immobilized on glassslides. The hybridized DNAs are then de-
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tected in two di®eren °uorochromes,and the signi cant deviation from unity in the ratios of
the digitized intensity valuesis indicative of copy-number di®erencebetweenthe test and ref-
erencegenomegWang and Guo 2004). Accurate identi cation of ampli ed or deletedregions
requiresestimatesof variances(Moore, Pallavicini, Cher and Gray 1997,Wang and Guo 2004).
The number of replicated arrays is typically small owing to the cost. Therefore,the standard
samplevariance estimatesare unreliable and somesimple improvemers have been proposed
(Moore et al. 1997, Tusher, Tibshirani and Chu 2001, Huang and Pan 2002, Wang and Guo
2004). Wang and Guo (2004) consideredthe variance as a function of the physical locations
in the genome.They applied the lowesssmaother to the logarithm of samplevarianceswith a
“xed smaothing parameter. They have shavn that using the smaothed variancesin the t-test
can lead to large gainsin the power. As we have showvn in Section4, the simple approad to
smaothing the logarithm of samplevariancesis lesse+cient when the number of replications
is small. Also, the selectionof the smoothing parameterin Wang and Guo (2004) is somewhat
arbitray.

To illustrate our new methods, we downloadeda well-known BAC array data setsfrom the
website http://www.natur e.com/ng/journal/v29/n3/suppinfo/ng754 _S1.html The data result
from an experimernt aimedat measuringcopy number changesfor the cell strains (test samples)
against normal male referenceDNAs (references),which were co-hybridized on CGH arrays
containing 2,460BAC and P1 clonesin triplicate (7,380 spots) (Snijders, Nowak, Segraes,
Brown, Conroy, Hamilton, Hindle, Huey, Kimura, Law, Myambo, Palmer, Ylstra, Yue, Gray,
Jain, Pinkel and Alb ertson 2001).

For ead chromosomeof a cell strain, we assumemodel (2) where z; is the jth replicate
of log, °uorescen ratio of clonei, *; is the mean °uorescert ratio, x; is the physical position
alongthe chromosomeand k = 2. A non-zero!; correspndsto an alteration. Wang and Guo
(2004) introduced a smoothed t-statistic with variancessmoothed along the genome. They
have shavn that the smoothed t-statistic always improvesthe performanceover the standard
t-statistic. We focus on estimation of the variance function. For simplicity we transform the
genomeposition X; into the interval [0; 1].

We tted variancefunctions to all chromosomef all cell strains. Figure 2 shavs obsena-
tions, ts and con denceintervals for chromosomel0 of the cell strain GM13330010220and
chromosomesl0 and 11 of the cell strain GM03134001218For the lowess ts, asin Wangand
Guo (2004), we used30% of the data for smaothing at ead position. For the smaothing spline
1, we usedthe direct GML method to selectthe smoothing parameter. The approximate
Bayesiancon denceintervals were computed using the methods in Wahba et al. (1995). Some
variancesare relatively large and somevariancesare very small (Figure 2). Replacingvariances
by their smoothed estimatesalso reducesthe e®ectof outliers and preverts cloneswith very
small variancesfrom dominating the result. Other approaheshave beenproposedto dealwith



very small variances(Tusheret al. 2001).

Put Figure 2 here

APPENDIX A
We will showv that whenk | 3, (a) v(t) exp( kt:2exp(fi))jé = 0, and (b) E(exp(i f;)) <
1.
For (a), we will shav that un?)v(t) = O0and tI!ilm (v(t) exp(i kt=2exp(f;))) = 0. We will use
the following fact that for any a > 0 and x,

aexp(j X)+ x, 1+ Ina: a7)

Above inequality can be veri ed by nding the minimum of the left hand side as a function of
X.

Note that y.; is xed and the ith obsenation is replacedby z. The penalizedlikelihood
(5) is equivalert to

Z
nb

k

X 1
1(f)=zexp( fi)+ fi+ (v exp( f;)+fj)+ (f (™)2dx: (18)
i6i 0
Note that h_(i; z; § is the minimizer of (18) and g; (z) = h_(i; z; x;).
We assumethat the constart function, fo(x) =_0, belongsto the model space.This is true
when the model spaceis W ([0;1]). 1(fo) = z+ ,4;Y;. Sinceh (i; t; § is the minimizer of

[ (f), we have

X
zexp(i 9i(2) +9i(z) - I(h (i;z,9)i (y; exp(i h_(i; z;%;)) + h_(i; z; %))
X i6i
I (fo) i (y; exp(i h_(i; z;x;)) + h_(i; z; %))
X % x
Z+ Y i 1+ Iny;); (19)
i6i j6i

where the last inequality is basedon (17). Therefore,asz ! 0, zexp(i 9 (z)) + i (2) is
boundedabove.
We claim that for any power p> 1,

limz° exp(; g, (2)) = O (20)

Otherwise, there existssomep; > 1 sud that lim supzP exp(i g; (z)) > 0. Let p, = (p.+ 1)=2.
z! 0

Then lim supz” exp(i g; (z)) = 1 . There exists a sequencez, ! O sud that | g;(zm) +
z!' 0
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p2Inzn ! 1. AIso,i g;(zZm)+INZy, i Qi(zZm)+ p2Inzy ! 1. Therefore,for large enough
m, we have (i g; (zm) + Inzn)=2, 1=(p2i 1) > 0. Thus, for large enoughm,

exp(i gi (zm) + INzZm) + gi (zm)

1 gi (Zm) + InZy + (i oF (zZm) + In Zm)2 =2+ Qi (zm)
. Inzn+ (G gi(@Zn)+Inzy)=p2i 1)

= (i 9i(zm) + p2Inzn) =(p2i 1)

Zm exp(i 9; (zm)) + g; (zZm)

The left hand sideis boundedabove while the right hand sideapproadesto 1 , a cortradiction.
Taking p= 1:1in (20), whenk , 3, we have
Z i ¢ | Z k
lim supv(t) = limsup  z"exp(i g; (2)) zzi#'dz- limsup zzi?'dz= O (21)
th 0 th 0 0 th 0 0
Therefore,li!rrg)v(t) = Osincev(t) , O.
Asz! 1, from (19), we have zexp(j g; (z)) + 9;(z) - 2z. On the other hand, from
(17) with a = z=2, j gi(2) - zexp(i gi(z))=2 whenz , 2. Therefore, zexp(i 9 (z)) -
2z 9i(z) - 2z+ zexp(i 9; (z))=2. There existssomelarge T sud that

eXp(i g,i (Z)) - 4 zZ, T: (22)
N
ow, Z; k Z, k .
v(t) = exp(i g; (2))z% Ydz+  exp( g; (2))z5 *dz - w(T) + St
0 T
Then
lim su LlV(t)ex|O( i kt )ﬂ . lim su HV(T)+ §t;ﬂ exp(—! kt )= 0
vl P 2exp(fi) ti1 P Kk P 2exp(f))’

Therefore,tl!ilm (v(t) exp(j kt=2exp(fi))) = O.

Now we prove (b) E(exp(j fi)) < 1 . From (20), whenk , 3, there exist a small enough?;
sud that E(exp(i fi)lty,<,q) © E(Y l:1Ifyi<zlg) < 1 . Similarly, from (22), there exist a large
enough?, sudh that E(exp(j fi)lty,>2,9) < 1 . Then E(exp(i fi)) = E(exp(i fi)lty<.g) +
E(exp(i fi)lty>2,9) + E@XP( Fi)ltz,. . 29) < 1.

APPENDIX B

Lemma 1. (Leaving-out-onelemma) h (i; exp(f (,' ") x) = ff‘ V(x).

The proof is omitted sinceit is similar to that in Xiang and Wahba (1996). Lemmal states
that the estimatedfunction basedonyi' = (y;; ¢¢¢;yi; 1;exp(f { V) yi.1; 0¢6¢;y,)T is the same
asf . It is easyto chek that @I=@@ " = W _+n, - and @I=@@" = i V. Using
Taylor expansionsasin Xiang and Wahba (1996), we have (f ; i f’(ii N=(y;i i exp( (,' ") Yadi .
Thus by (14),
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x 3 - ’
CV(,) = L()+ v expG fi7) i exp(if))

1

i
3

Ya L()+  yiexp(fi) £ £(7

fiq f40 yii exp(f )

= LG+ yiexp(i fi)

i=1 Vii exp(f (I' ) 1; o0 exp(f {' V)
Vii exp(f)(il |))
X fo: G0  exp(f
7 LG yirexp(i fi) .’I I I(i D) X pE-’I-)f(i )
= L()+ X yiexpG fi)(vii exp(f;))
o yii exp(t )
i=1 W | eXp(f,, )
Yo L()+ X diyi exp(i fi)yii exp(fi)).
’ i=1 1i d exp(f)i) ’
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Table 1: Number of replications out of 100 total that failed to corverge. Three numbers in
ead cell correspnd to the indirect UBR, GML and GCV methods respectively.

w=1 w=2 w=3
k=1 k=2|k=3] k=1 |k=2|k=3| k=1 |k=2|k=3
n= 100| 98,0,0| 19,1,0| 0,0,0 | 100,0,0| 37,4,2| 0,0,0 | 100,0,0| 34,0,0| 1,0,0
n=200|97,0,0| 8,0,2| 0,0,0]| 100,0,0| 15,2,0| 0,0,0 | 100,0,0| 12,0,0| 0,0,0
n= 300|92,0,0| 4,00 0,0,0 | 100,0,0 6,0,0 | 0,0,0 | 100,0,0| 4,0,0 | 0,0,0
n= 400/ 88,0,0| 2,12,0 | 0,0,0 | 100,0,0/ 2,1,0 | 0,0,0 | 100,0,0| 1,0,0 | 0,0,0
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Figure 1. Plots of CKL with colored lines represeting the direct UBR (gray), direct GML
(green), GACV1 (black), GACV2 (red), indirect URB (yellow), indirect GCV (light blue),
indirect GML (pink) and transformation (blue) methods.
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Figure 2: Plots of obsenations and ts for chromosomel0 of the cell strain GM13330010220
(left), and chromosomeslO (middle) and 11 (right) of the cell strain GM03134001218Circles
are sample varianceson logarithm scale. Green and red lines are lowess ts and smaothing
spline ts respectively. Two blue lines in ead plot are 95% Bayesiancon denceintervals of
the smoothing spline t.
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