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Abstract

A generalization of the von Mises distribution, which is broad enough to cover uni-

modality as well as multimodality, symmetry as well as asymmetry of circular data,

has shown up in different contexts. We study this distribution in some detail here and

discuss its many features, some inferential and computational aspects, and we pro-

vide some important results including characterization properties for this distribution.
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1 Introduction and significance of the model

Maksimov (1967) introduces a wide class of absolute continuous circular distributions

which admits nontrivial sufficient statistics for the parameters and with continuous

densities of the form

g(θ) ∝ exp{
k∑

j=1

aj cos jθ + bj sin jθ}, (1)

for θ ∈ [0, 2π) and for some constants a1, a2, . . . , b1, b2, . . . ∈ R. We consider the

important case where k = 2 which leads to an important extension of the circular

normal or von Mises (vM) density below, which we re-express as

f(θ | µ1, µ2, κ1, κ2) =
1

2πG0(δ, κ1, κ2)
exp{κ1 cos(θ − µ1) + κ2 cos 2(θ − µ2)}, (2)

for θ ∈ [0, 2π), µ1 ∈ [0, 2π), µ2 ∈ [0, π), δ = (µ1 − µ2)modπ, κ1, κ2 > 0 and where the

normalizing constant is given by

G0(δ, κ1, κ2) =
1

2π

∫ 2π

0
exp{κ1 cos θ + κ2 cos 2(θ + δ)}dθ. (3)

We will call (2) the generalized von Mises (GvM) density and will denote any circular

random variable θ with this density by θ ∼ GvM(µ1, µ2, κ1, κ2). Besides Maksimov

(1967), there have been mentions of this distribution in Yfantis and Borgman (1982),

who focus on numerical illustrations, and in Kato and Shimizu (2004), who consider a

particular distribution on the cylinder for which the conditional density of the angular

component given the height in the cylinder turns out to have the GvM form (2).

The well known von Mises density is obtained by interrupting the sum in the

exponent of (1) at k = 1, which yields

f(θ | µ, κ) =
1

2πI0(κ)
exp{κ cos(θ − µ)}, (4)

for θ ∈ [0, 2π), µ ∈ [0, 2π), κ > 0 and where Ir(z) = (2π)−1
∫ 2π
0 cos rθ exp{z cos θ}dθ,

z ∈ C, is the modified Bessel function I of integer order r (see Abramowitz and Stegun,

1965). The GvM allows for greater flexibility in terms of asymmetry and bimodality,

compared to the vM distribution, this latter being always circularly symmetric and

unimodal with a fixed rate of decay from the center.

Another wide and important class of absolute continuous distributions for circular

data is the wrapped α-stable (WαS) class, which derives from the characteristic func-

tion of α-stable distributions in the real line. The WαS density admits the Fourier
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series

g(θ) =
1

2π
+

1

π

∞∑

j=1

exp{−ταjα} cos{j(θ − µ)− ταjαβ tan
απ

2
},

for θ ∈ [0, 2π), α ∈ (0, 1) ∪ (1, 2], µ ∈ [0, 2π), β ∈ [−1, 1] and τ > 0. These

densities are unimodal and have different tail behaviors, according to the value of

α, and can be circularly symmetric, left- or right-skewed, according to the value

of β. For more details about WαS distributions and inference, refer to Gatto and

Jammalamadaka (2003) and Jammalamadaka and SenGupta (2001). However, in

comparison with GvM densities, WαS densities cannot be bimodal and do not share

the same theoretical properties (see Section 2).

There are of course many other ways of obtaining asymmetric or bimodal densities,

as for example by linear combinations of two vM densities. However, in contrast

with such mixture models, both the GvM and the WαS models posses important

theoretical properties and lead to simpler inference.

As previously stated, the GvM densities can be symmetric, asymmetric, unimodal

or bimodal. We now give some basic results in relation with the possible shapes of

the densities together with some graphical illustrations. Let us first consider the

hypothesis H0 : µ2 = µ1modπ, i.e. H0 : δ = 0, with κ1, κ2 > 0 implicitly assumed.

The density is now circularly symmetric around µ1, which can be assumed equal to

0 without loss of generality. By differentiation, we obtain that the critical points of

the density satisfy
κ1

4κ2

sin θ + sin θ cos θ = 0.

If κ1 < 4κ2, then there are two trivial and two non-trivial critical points in [−π, π).

All these critical points are displayed in Table 1 for a general µ1, together with

their natures and the corresponding values of the GvM density. (As usually, arccos :

[−1, 1] → [0, π].) If the above inequality is not satisfied, then there remain only the

two trivial critical points. In Figure 1 we can see various GvM densities for µ1 = 0 and

Table 1: critical points of the GvM density under H0 : µ2 = µ1modπ and for κ1 < 4κ2

argument values type density values

µ1 − π maximum {2πG0(0, κ1, κ2)}−1 exp{−κ1 + κ2}
µ1 − arccos(− κ1

4κ2
) minimum {2πG0(0, κ1, κ2)}−1 exp{−κ2 − κ2

1

8κ2
}

µ1 maximum {2πG0(0, κ1, κ2)}−1 exp{κ1 + κ2}
µ1 + arccos(− κ1

4κ2
) minimum {2πG0(0, κ1, κ2)}−1 exp{−κ2 − κ2

1

8κ2
}
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under H0 : δ = 0. The dotted density with κ1 = 1 and κ2 = 0 is a vM one and has one

maximum at 0 and one minimum at π, and the three other densities are bimodal. The

dashed-dotted density with κ1 = 1 and κ2 = 0.3 resembles to a unimodal heavy-tailed

one, although there are two minimums in the tails (as 1 < 4 · 0.3).

Figure 1: some GvM densities with µ1 = 0 under H0 : µ2 = µ1modπ
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Let us now consider a general δ and, again without loss of generality, µ1 = 0. It

is direct to see that the extrema are the solutions in θ of the equation

(1− 2 sin2 δ) sin θ cos θ − 2 sin δ cos δ sin2 θ +
κ1

4κ2

sin θ + sin δ cos δ = 0. (5)

In terms of x = sin θ, these extrema are the solutions in x ∈ [−1, 1] of the equation

±
(
1− 2 sin2 δ

)
x
√

1− x2 − 2 sin δ cos δx2 +
κ1

4κ2

x + sin δ cos δ = 0.

Alternatively, these extrema can be found by computing the roots of the fourth degree

polynomial

x4 − 4ρ sin δ cos δx3 + (ρ2 − 1)x2 + 2ρ sin δ cos δx + sin2 δ cos2 δ,
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where ρ = κ1/(4κ2). These roots can be found numerically. Then we transform these

roots back to θ = arcsin x, π − arcsin x and retain only the values θ which satisfy

(5). (As usually, arcsin : [−1, 1] → [−π/2, π/2].) In the general case, we add µ1

to the results and we obtain extrema in [µ1 − π, µ1 + π). If for example µ1 = 0,

δ = 0, and ρ < 1, we find the solutions θ = 0, π, π − arcsin±√1− ρ2, which (by

noting that ± arccos−ρ = π− arcsin±√1− ρ2, when 0 < ρ < 1) satisfy (5), and the

solutions θ = arcsin±√1− ρ2, which do not satisfy (5). The solutions which satisfy

(5) are indeed the ones of Table 1. In Figure 2 we can see some typical asymmetric

GvM densities. The dashed density with κ1 = 0 is a kind of vM density with double

frequency, the solid density has a minor bump in the left tail, the dashed-dotted

density has two modes with light tails, and the dotted density is left-skewed and

heavy-tailed.

Figure 2: some asymmetric GvM densities
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In order to compute a GvM density we must evaluate the constant G0 in (3). This
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can be done with the expansion

G0(δ, κ1, κ2) = I0(κ1)I0(κ2) + 2
∞∑

j=1

I2j(κ1)Ij(κ2) cos 2jδ, (6)

where δ ∈ [0, π) and κ1, κ2 > 0. It can be justified by applying twice the Fourier

expansion

eκ cos θ = I0(κ) + 2
∞∑

j=1

Ij(κ) cos jθ

to the integrand of G0 in (3), thus giving

G0(δ, κ1, κ2) = I0(κ1)I0(κ2) +
2

π

∞∑

j=1

∞∑

k=1

Ij(κ1)Ik(κ2)
∫ 2π

0
cos jθ cos 2k(θ + δ) dθ.

Then (6) follows directly by noting that

∫ 2π

0
cos jθ cos 2k(θ + δ) dθ =





0, if j 6= 2k,

π cos 2kδ, if j = 2k.

In Section 2 we provide some important properties and characterizations in con-

nection with the exponential family of distributions, with the entropy and with the

bivariate normal distribution in the plane. Thenstudy maximum likelihood estimators

(MLE) for the parameters of the GvM model and of some submodels.

2 Important results and characterization proper-

ties

In Subsection 2.1 we give the most central property of the GvM distribution, namely

that it admits the canonical exponential family form. In Subsection 2.2 we give an

important characterization property relating the GvM distribution to a maximum

of the entropy, and in Subsection 2.3 we give another important characterization

property relating the GvM distribution to a conditional offset normal distribution.

Finally in Subsection 2.4 we discuss in some detail the MLE under the canonical

exponential family form, its computation and the likelihood ratio test. We also discuss

the MLE for some GvM submodels.

2.1 Member of the exponential family

We consider the re-parameterization

λ1 = κ1 cos µ1, λ2 = κ1 sin µ1, λ3 = κ2 cos 2µ2 and λ4 = κ2 sin 2µ2. (7)
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By expanding both cosines in (2) and by defining λ = (λ1, λ2, λ3, λ4)
T ∈ R4 and

t(θ) = (cos θ, sin θ, cos 2θ, sin 2θ)T, we can re-express the GvM density as

f ∗(θ | λ) = exp{λTt(θ)− k(λ)}. (8)

This re-parameterization of the GvM density belongs to the 4 parameters canonical

exponential family. The normalizing constant is

k(λ) = log(2π) + log G0(δ, ||λ(1)||, ||λ(2)||),

where ‖ · ‖ is the Euclidean norm, λ(1) = (λ1, λ2)
T, λ(2) = (λ3, λ4)

T and δ = (argλ(1)−
argλ(2)/2)modπ. This constant can be evaluated with (6). Note that the canonical

reparameterization (8) is not as intuitive as the original form (2). For example,

H0 : δ = 0 can be directly seen under the original parameterization as symmetry in

both frequency components.

2.2 Maximum of entropy

The concept of entropy arose with the work of Shannon (1948) in attempting to

create a theoretical model for the transmission of information. The entropy of a

circular distribution with density f > 0 over [0, 2π) is given by

H(f) = −
∫ 2π

0
log f(θ)f(θ)dθ, (9)

and it is an appropriate measure of the uncertainty carried by f . It is known (see

e.g. Jammalamadaka and SenGupta, 2001, p. 39) that the vM density (4) maximizes

the entropy (9) among all densities f having a fixed first trigonometric moment ϕ1 =

γ1 + iσ1, i.e. among all f satisfying

∫ 2π

0
eiθf(θ)dθ = ϕ1 ⇔

∫ 2π

0
cos θf(θ)dθ + i

∫ 2π

0
sin θf(θ)dθ = γ1 + iσ1,

for ϕ1 fixed, i.e. for γ1 and σ1 fixed. Obviously |ϕ1| ≤ 1 and −1 ≤ γ1, σ1 ≤ 1. In this

case, the parameters µ and κ are the solutions of the equations

cos µA(κ) = γ1, and sin µA(κ) = σ1,

where A(κ) = I1(κ)/I0(κ). If, in addition to this, we fix the second trigonometric mo-

ment as well, then we obtain an analogue characterization for the GvM(µ1, µ2, κ1, κ2)
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density.

Characterization 1 The circular density f > 0 over [0, 2π) which maximizes the

entropy H(f) subject to

∫ 2π

0
eikθf(θ)dθ = ϕk ⇔

∫ 2π

0
cos kθf(θ)dθ + i

∫ 2π

0
sin kθf(θ)dθ = γk + iσk, (10)

for k = 1, 2 and for some determined γ1, σ1, γ2, σ2 ∈ [−1, 1], is the GvM(µ1, µ2, κ1, κ2)

density

f(θ | µ1, µ2, κ1, κ2) =
1

2πG0(δ, κ1, κ2)
exp{κ1 cos(θ − µ1) + κ2 cos 2(θ − µ2)},

where δ = (µ1 − µ2)modπ.

Proof It follows from Kagan et al. (1973, Theorem 13.2.1, p. 409) that the

maximum of the entropy subject to the constraints (10) is attained by densities of

the form of

c exp{λ1 cos θ + λ2 sin θ + λ3 cos 2θ + λ4 sin 2θ},
for some constant c > 0, provided that the parameters λ1, λ2, λ3 and λ4 satisfying

(10) exist. But this comes indeed from GvM densities after the reparameterization

(7) of Section 2.1. Let us define

Hr(δ, κ1, κ2) =
1

2π

∫ 2π

0
sin rθ exp{κ1 cos θ + κ2 cos 2(θ + δ)} dθ,

Ak(δ, κ1, κ2) =
Gk(δ, κ1, κ2)

G0(δ, κ1, κ2)
(11)

and

Bk(δ, κ1, κ2) =
Hk(δ, κ1, κ2)

G0(δ, κ1, κ2)
, (12)

for k = 1, 2, where δ ∈ [0, π) and κ1, κ2 > 0. Then we can see that µ1, µ2 =

(µ1 − δ)modπ, κ1 and κ2 are the simultaneous solutions of

eikµ1{Ak(δ, κ1, κ2) + iBk(δ, κ1, κ2)} = ϕk,

for k = 1, 2, or, equivalently, that they are the simultaneous solutions of

cos kµ1Ak(δ, κ1, κ2)− sin kµ1Bk(δ, κ1, κ2) = γk
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and

cos kµ1Bk(δ, κ1, κ2) + sin kµ1Ak(δ, κ1, κ2) = σk,

for k = 1, 2. •

This characterization is highly relevant in Bayesian statistics, for example. Often

in Bayesian statistics partial prior information is available and it is desired to deter-

mine a prior distribution which is as noninformative as possible, while satisfying the

prior information. When the two first trigonometric moments represent this partial

prior information and are hence specified, and when amongst prior distributions with

these two trigonometric moments the most noninformative is sought, then the dis-

tribution maximizing the entropy under these two trigonometric moment conditions

provides an optimal solution, and this solution turns out to be the GvM(µ1, µ2, κ1, κ2)

distribution.

2.3 Conditional offset distribution

An offset distribution is the marginal distribution of the directional component of a

bivariate distribution on the plane. A conditional offset distribution is the conditional

distribution of this same directional component given a fixed length from the origin. In

what follows, we show that the GvM distribution is the conditional offset distribution

of the bivariate normal distribution.

Consider a k-dimensional multinormal random vector X with expectation ν and

covariance matrix σ2I, i.e. X ∼ N (ν, σ2I), I denoting the the identity matrix of

order k. The density of X | ‖X‖ = 1 is

Nk(σ) exp
{
− 1

2σ2
(x− ν)T(x− ν)

}
= Ck(κ) exp{κνTx},

∀x such that ‖x‖ = 1, µ such that ‖ν‖ = 1, κ = σ−2 > 0, and for some for some

normalizing constants Nk(σ) and Ck(κ) > 0 depending on σ and κ only, respectively.

This directional density takes values on the surface of the unit sphere of Rk and it

was introduced by Langevin (1905). For k = 2 and expressed in terms of the an-

gle θ in between x and ν, this gives the vM density C2(κ) exp{κ cos(θ − µ)}, where

µ = arg{ν} ∈ [0, 2π) and C−1
2 (κ) = 2πI0(κ). Still for k = 2 but now for a general

covariance matrix Σ (not necessarily σ2I), we have the following result.
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Characterization 2 If X is a bivariate normal vector with expectation ν =

(ν1, ν2)
T and covariance matrix Σ =


 σ2

1 ρσ1σ2

ρσ1σ2 σ2
2


, then the density of arg{X} |

‖X‖ = 1 is given by

f(θ | µ1, µ2, κ1, κ2) =
1

2πG0(δ, κ1, κ2)
exp{κ1 cos(θ − µ1) + κ2 cos 2(θ − µ2)},

where δ = (µ1 − µ2)modπ, and where µ1 ∈ [0, 2π), µ2 ∈ [0, π) and κ1, κ2 > 0 are the

solutions of

κ1 cos µ1 = 2

(
ρν2

σ1σ2

− ν1

σ2
1

)
, κ1 sin µ1 = 2

(
ρν1

σ1σ2

− ν2

σ2
2

)
,

κ2 cos 2µ2 =
1

2

(
1

σ2
1

− 1

σ2
2

)
, and κ2 sin 2µ2 = − ρ

σ1σ2

.

Proof The logarithm of the density of X is

c1− 1

2
(x−ν)TΣ−1(x−ν) = c1− 1

2

1

1− ρ2

{(x1 − ν1)
2

σ2
1

+
(x2 − ν2)

2

σ2
2

−2ρ
x1 − ν1

σ1

x2 − ν2

σ2

}
,

for some constant c1 depending on σ1, σ2 and ρ only. With the change-of-variables

r cos θ = x1 and r sin θ = x2 (and by noting that cos2 θ = (1 + cos 2θ)/2, sin2 θ =

(1− cos 2θ)/2 and cos θ sin θ = (sin 2θ)/2), this logarithmic density becomes

c2 − 1

2

r

1− ρ2

{
2

(
ρν2

σ1σ2

− ν1

σ2
1

)
cos θ + 2

(
ρν1

σ1σ2

− ν2

σ2
2

)
sin θ

+
r

2

(
1

σ2
1

− 1

σ2
2

)
cos 2θ − r

ρ

σ1σ2

sin 2θ
}
,

for some other constant c2 depending on ν1, ν2, σ1, σ2, ρ and r only. X This last

expression evaluated at r = 1, together with same the reparameterization as in (7),

shows that the GvM density f(θ | µ1, µ2, κ1, κ2) is indeed the density of arg{X} |
‖X‖ = 1. •

2.4 Maximum likelihood inference

In this paragraph we give several important facts regarding maximum likelihood es-

timation and inference for the GvM model and for some important submodels.

As seen in Section 2.1, the GvM density reparameterized by (7) takes the canonical

exponential family form (8). Hence, given a sample of independent angles θ1, . . . , θn

from the GvM(µ1, µ2, κ1, κ2) distribution, the logarithmic likelihood function is

l(λ | θ1, . . . , θn) =
n∑

i=1

log f ∗(θi | λ) = λT

n∑

i=1

t(θi)− nk(λ).
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From the classical literature on the exponential family (cf. e.g. Barndorff-Nielsen,

1973) we obtain the following properties:

• l(λ | θ1, . . . , θn) is strictly concave in λ, ∀θ1, . . . , θn ∈ [0, 2π);

• ∂/(∂λ)k(λ) = E[t(θ1)];

• ∂2/(∂λT∂λ)k(λ) = var(t(θ1));

• If the MLE λ̂ of λ exists then it is unique;

• With probability one, ∃n0 such that ∀n ≥ n0, λ̂ exists;

• The MLE exists iff n−1 ∑n
i=1 t(θi) ∈ int conv{t(θ) | θ ∈ [0, 2π)}, where conv{S}

denotes the convex hull of S;

• The MLE exists iff E[t(θ1)] = n−1 ∑n
i=1 t(θi) have a solution in λ; and when there

is one it is the unique MLE; and

• √n(λ̂ − λ)
D−→ N (0, I−1(λ)), where I(λ) = ∂2/(∂λT∂λ)k(λ) is the Fisher infor-

mation matrix. In the above points, all expectations and covariances are taken with

respect to the GvM density (2).

From transformation invariance, the MLE of µ1, µ2, κ1 and κ2, i.e. under the

original parameterization, is simply the transformation the MLE λ̂.

The derivatives of order one and two k(λ) can be computed with two following

steps. We can first compute the derivatives of the generic function

h

(
arctan

λ2

λ1

− arctan
1

2

λ4

λ3

,
√

λ2
1 + λ2

2,
√

λ2
3 + λ2

4

)
,

and, second, we can introduce the partial derivatives of order one and two of h(x, y, z) =

log G0(x, y, z), which can be obtained from the Fourier series (6). Both steps can be

easily done with a software for symbolic computations (e.g. with Maple and the

command diff).

Suppose we want to test the null hypothesis H0 : λ ∈ Λ0 against H1 : λ /∈ Λ0,

where Λ0 is a subset of R4. The scaled likelihood ratio test statistic for this problem

is

Qn = 2
{
l(λ̂ | θ1, . . . , θn)− supλ∈Λ0

l(λ | θ1, . . . , θn)
}

.

When Λ0 is determined by q ≤ 4 restrictions of the type r1(λ) = 0, . . . , rq(λ) = 0,

then large sample testing is based on Qn
D−→ χ2

q.

For the next paragraphs we study the MLE for some important submodels of the

GvM model. We use the following notation: C1n =
∑n

i=1 cos θi, S1n =
∑n

i=1 sin θi,

R1n = (C2
1n + S2

1n)1/2, θ̄1 = arg{C1n, S1n}, C2n =
∑n

i=1 cos 2θi, S2n =
∑n

i=1 sin 2θi,
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R2n = (C2
2n + S2

2n)1/2, and θ̄2 = arg{C2n, S2n}, where θ1, . . . , θn is a sample from a

common GvM distribution.

The first submodel we consider is the GvM(µ1, κ1, µ2, κ2) with the restriction or

hypothesis H0 : κ2 = 0, which is the well known vM(µ1, κ1) model. In this case the

MLE of µ1 and κ1 satisfy the two equations
n∑

i=1

sin(θi − µ1) = 0 and

n∑

i=1

{cos(θi − µ1)− A(κ1)} = 0,

where A(κ) = I1(κ)/I0(κ). The first equation leads to S1n cos µ1 = C1n sin µ1, and

the only solution with negative second derivative with µ1 of the log-likelihood is

µ̂1 = θ̄1.

With this the second equation yields

κ̂1 = A(−1)
(

R1n

n

)
,

see e.g. Jammalamadaka and SenGupta (2001, p. 85-88) or Mardia and Jupp (2000,

p.85-86) for detailed information. Note that because R1n is a measure of concentration

and A is a monotone increasing function, κ̂1 is indeed an estimator of concentration.

The second submodel we consider is the GvM(µ1, µ2, κ1, κ2) under the hypothesis

H0 : κ1 = 0. Now we have a bimodal density with two points of symmetry, one at

µ2 and the other at µ2 + π. The MLE has the same form as before, under the vM

model, provided that we replace θi by 2θi, i = 1, . . . , n, and µ1 by 2µ2. That is, the

previous estimating equations lead to the MLE of µ2 and κ2

µ̂2 =
θ̄2

2
and

κ̂2 = A(−1)
(

R2n

n

)
.

The last submodel we consider here is the symmetric one with both frequency

components, more precisely the one under H0 : µ2 = µ1modπ, which can be re-

expressed as H0 : δ = 0, with δ = (µ1 − µ2)modπ, where κ1, κ2 > 0 are implicitly

meant. As seen in Table 1 in the introduction, this model can have up to four critical

points, and exactly four when κ1 < 4κ2. An interesting situation arises when κ1 and

κ2 are known. Then the MLE of µ1, denoted µ̂1, satisfies
n∑

i=1

κ1 sin(θi − µ̂1) + 2κ2 sin 2(θi − µ̂1) = 0.
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This equation can be compactly re-expressed as

κ1R1n sin(θ̄1 − µ̂1) + 2κ2R2n sin 2(θ̄2 − µ̂1) = 0, (13)

or also with the second order polynomial in x = cos µ̂1 and y = sin µ̂1 ∈ [−1, 1]

4κ2R2n sin θ̄2 cos θ̄2 + κ1R1n sin θ̄1x− κ1R1n cos θ̄1y − 8κ2R2n sin θ̄2 cos θ̄2y
2

−4κ2R2n(1− 2 sin2 θ̄2)xy = 0.

From (13) we can see that in general, even for fixed κ1 and κ2, there is no explicit

solution for the MLE of µ1, and this MLE is neither θ̄1 nor θ̄2.

3 Conclusion

In this article we studied some important features of the GvM distribution and we

proved some important properties or characterizations. This distribution allows for

greater flexibility than the currently used vM (i.e. circular normal) distribution, while

maintaining some central properties such as the belonging to the exponential family

the connections with the normal distribution and with the entropy. With the GvM

distribution symbolic computation is a helpful tool for likelihood inference, where the

amount of algebraic manipulations, although simple in nature, goes beyond the limits

of the investigator.
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