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Several variance reduction techniques including importance sampling, (mar-
tingale) control variate, (randomized) Quasi Monte Carlo method, QMC in short,
and some possible combinations are considered to evaluate option prices. By
means of perturbation methods to derive some option price approximations, we
find from numerical results in Monte Carlo simulations that the control variate
method is more efficient than importance sampling to solve European option pric-
ing problems under multifactor stochastic volatility models. As an alternative,
QMC method also provides better convergence than basic Monte Carlo method
. But we find an example where QMC method may produce erroneoussolutions
when estimating the low-biased solution of an American option. This drawback
can be effectively fixed by adding a martingale control to the estimator adopting
Quasi random sequences so that low-biased estimates obtained are more accurate
than results from Monte Carlo method. Therefore by taking a dvantages of mar-
tingale control variate and randomized QMC, we find significant improvement on
variance reduction for pricing derivatives and their sensitivities. This effect should
be understood as that martingale control variate plays the role of a smoother under
QMC method to permit better convergence.

1. Introduction
Monte Carlo method and Quasi Monte Carlo method (MC/QMC method in

short) are important tools for integral problems in computational finance. They
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are popularly applied particularly in cases of solutions without closed form, for
example American put option prices under the Black-Scholesmodel and Euro-
pean option prices under multi-factor stochastic volatility models, both which we
will consider in the present paper. Our goal is to find an efficient variance reduc-
tion method to improve the convergence of MC/QMC methods.
The study of variance reduction methods for option pricing problems has been
very fruitful during the last two decades [7]. They are important, just to name
a few, for computinggreeks(sensitivities of options prices with respect to model
variables or parameters), risk management and model calibration. Due to the com-
plexity of financial derivatives and pricing models, it is difficult to find one general
approach to reduce variances of associated MC/QMC methods. However in [2]
and [3], we can use (local) martingale control variate methods to evaluate Euro-
pean, Barrier and American options through Monte Carlo simulations. This paper
concerns numerical comparisons with several variance reduction techniques such
as control variate, importance sampling, Brownian bridge,randomized QMC and
their possible combinations.
Our goal is to explore an efficient MC/QMC method to evaluate American put
options under Black-Scholes model and European call options under multi-factor
stochastic volatility models. Firstly, we are motivated byprevious results in [1]
and [2] where importance sampling method and martingale control variate meth-
ods are used respectively under Monte Carlo simulations forEuropean option pric-
ing problems. From many numerical comparisons between these two methods,
we find that martingale control variate method performs muchbetter than impor-
tance sampling in terms of variance reduction power. Secondly, we investigate
the efficiency of QMC method for option pricing. As an integration method using
quasi-random sequences (also called low-discrepancy sequences), QMC method
[7] has better convergence rates than Monte Carlo method, see Section 4, under
appropriate dimensionality and regularity of the integrand. However in many fi-
nancial applications, these conditions are not satisfied. We give a counterexample
in Section 4.2 that shows that using QMC method such as Niderreiter or Sobol se-
quences, gives erroneous estimates for low-biased solutions of American put op-
tions. To our best knowledge, this is the first counterexample showing the failure
of applying QMC method in financial applications. However, when we combine a
martingale control variate with QMC method, very accurate low-biased estimates
are obtained compared to Monte Carlo method, see Table 7 for details. In brief,
when the regularity of the estimator is not good enough, using QMC method can
be problematic. The effect of martingale control variate thus plays the role of a
smoother which improves the regularity of the controlled estimator.
Because of the mentioned benefits of martingale control variate and its combina-
tion with QMC method, we continue to explore in detail the effect of martingale
control variate with randomized QMC method for the Europeanoption pricing
problems. Under multifactor stochastic volatility models, the dimension of the
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randomized QMC method becomes high. Typically in our experiments the di-
mension goes up to 300. This can be an obstacle for QMC method to reduce vari-
ance in a significant way as its convergence rate depends on the dimension. Based
on our experiments in Section 5, the effect of martingale control variate again
tremendously improves the regularity of the controlled estimator. Compared to
numerical results from the basic Monte Carlo method, randomized QMC method
improves the variance only by a single digit, while martingale control variate un-
der Monte Carlo simulations improves variance by 50 times. The combination of
the martingale control variate with the randomized QMC method improves vari-
ance reduction ratios up to 700 times.
The organization of this paper is as follows. In Section 2, weintroduce stochastic
volatility models and European option price approximations obtained from [5] by
means of singular and regular perturbation methods. Section 3 reviews two vari-
ance reduction methods, namely control variate and importance sampling, and
compare their variance reduction performances. In Section4, we introduce the
QMC method and show a counterexample where the method fails.We then show
how to combine this method with a correction by a martingale control variate. Sec-
tion 5 tests several combinations of martingale control variate methods with and
without randomized QMC method, including the Sobol sequence and L’Ecuyer
type good lattice points together with the Brownian bridge sampling technique.
We also consider option prices and theirdeltas, first-order partial derivative with
respect to the underlying price.

2. Multi-factor Stochastic Volatility Models and Option Price Approxima-
tions
Under the physical probability measure, a family of multi-factor stochastic

volatility models evolves as

dSt = κStdt+ σtStdW(0)
t ,

σt = f (Yt,Zt),

dYt = αc1(Yt)dt+
√
αg1(Yt)dW(1)

t

dZt = δc2(Zt)dt+
√
δg2(Zt)dW(2)

t ,

whereSt is the underlying asset price with a constant rate of returnκ and the
random volatilityσt, Yt andZt are driving volatility processes varying with time
scales 1/α and 1/δ respectively. The standard Brownian motions

(

W0
t ,W

1
t ,W

2
t

)

are possibly correlated as described below. The volatilityfunction f is assumed
bounded and bounded away from 0, and continuous with respectto its second
variablez. The coefficient functions ofYt, namelyc1 andg1 are assumed to be
chosen such thatYt is an ergodic diffusion. The Ornstein-Uhlenbeck (OU) pro-
cess is a typical example by definingα the rate of mean-reversion,c1(y) = m1− y,
andg1(y) = ν1

√
2, wherem1 is the long-run mean andν1 is the long-run standard
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deviation, such thatΦ = N(m, ν2) is the invariant distribution. The coefficient
functions ofZt, namelyc2 andg2 are assumed to satisfy the existence and unique-
ness conditions of diffusions [18]. For simplicity, we set the processZt to be an-
other OU process by choosingc2(z) = m2 − z, andg2(z) = ν2

√
2, wherem2 is the

long-run mean andν2 is the long-run standard deviation. Suppose
(

W0
t ,W

1
t ,W

2
t

)

are correlated according to the following cross-variations:

d <W(0),W(1) >t = ρ1dt,

d <W(0),W(2) >t = ρ2dt,

d <W(1),W(2) >t =

(

ρ1 ρ2 +

√

1− ρ2
1 ρ12

)

dt,

where the instant correlationsρ1, ρ2, andρ12 satisfy | ρ1 |< 1 and| ρ2
2 + ρ

2
12 |< 1

respectively.
Under the risk-neutral probability measureIP⋆, a family of multi-factor SV models
can be described as follows

dSt = rStdt+ σtStdW(0)⋆
t ,(2.1)

σt = f (Yt,Zt),

dYt =
(

α(m1 − Yt) − ν1
√

2αΛ1(Yt,Zt)
)

dt

+ν1
√

2α
(

ρ1dW(0)⋆
t +

√

1− ρ2
1dW(1)⋆

t

)

,

dZt =
(

δ(m2 − Zt) − ν2
√

2δΛ2(Yt,Zt)
)

dt

+ν2
√

2δ
(

ρ2dW(0)⋆
t + ρ12dW(1)⋆

t +

√

1− ρ2
2 − ρ2

12dW(2)⋆
t

)

,

where
(

W(0)⋆
t ,W(1)⋆

t ,W(2)⋆
t

)

are independent standard Brownian motions. The
risk-free interest rate of return is denoted byr. The functionsΛ1 andΛ2 are the
combined market prices of risk and volatility risk, they areassumed to be bounded
and dependent only on the variablesy andz. The process(St,Yt,Zt) is Markovian.
The payoff of an European-style option is an integrable function, sayH, of the
stock priceST at the maturity dateT. The price of this option is defined as the
expectation of the discounted payoff conditioned on the current stock price and
driving volatility levels due to the Markov property of the joint dynamics (2.1).
By introducing the notationε = 1/α, the European option price is given by

Pε,δ(t, x, y, z) = IE⋆
{

e−r(T−t)H(ST) | St = x,Yt = y,Zt = z
}

.(2.2)
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2.1 Vanilla European Option Price Approximations
By an application of Feynman-Kac formula,Pε,δ(t, x, y, z) defined in (2.2) can

also be represented by solving the three-dimensional partial differential equation

∂Pε,δ

∂t
+ Lε,δ(S,Y,Z)P

ε,δ − r Pε,δ = 0,(2.3)

Pε,δ(T, x, y, z) = H(x),

where Lε,δ(S,Y,Z) denotes the infinitesimal generator of the Markovian process
(St,Yt,Zt) given by (2.1). Assuming that the parametersε and δ are small,
0 < ε, δ ≪ 1, Fouqueet al. in [5] use a combination of regular and singular
perturbation methods to derive the following pointwise option price approxima-
tion

Pε,δ(t, x, y, z) ≈ P̃(t, x, z),

where

P̃ = PBS(2.4)

+ (T − t)

(

V0
∂

∂σ
+ V1x

∂2

∂x∂σ
+ V2x2 ∂

2

∂x2
+ V3x

∂

∂x

(

x2 ∂
2

∂x2

))

PBS,

with an accuracy of order
(

ε| logε| + δ) for call options. The leading order price
PBS(t, x; σ̄(z)) is independent of they variable and is the homogenized price which
solves the Black-Scholes equation

LBS(σ(z))PBS = 0,

PBS(T, x; σ̄(z)) = H(x).

Here thez-dependenteffective volatility σ(z) is defined by

σ
2(z) = 〈 f 2(·, z)〉,(2.5)

where the brackets denote the average with respect to the invariant distribution
N(m1, ν

2
1) of the fast factor (Yt). The parameters (V0,V1,V2,V3) are given by

V0 = −
ν2
√
δ

√
2
〈Λ2〉σ′,(2.6)

V1 =
ρ2ν2
√
δ

√
2
〈 f 〉σ′,(2.7)

V2 =
ν1
√
ε

√
2

〈

Λ1
∂φ

∂y

〉

,(2.8)

V3 = −
ρ1ν1
√
ε

√
2

〈

f
∂φ

∂y

〉

,(2.9)
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whereσ′ denotes the derivative of ¯σ, and the functionφ(y, z) is a solution of the
Poisson equation

L0φ(y, z) = f 2(y, z) − σ2(z).

The parametersV0 andV1 (resp. V2 andV3) are small of order
√
ε (resp.

√
δ).

The parametersV0 andV2 reflects the effect of the market prices of volatility risk.
The parametersV1 andV3 are proportional to the correlation coefficientsρ2 and
ρ1 respectively. In [5], these parameters are calibrated using the observed implied
volatilities. In the present work, the model (2.1) will be fully specified, and these
parameters are computed using the formulas above.

3. Monte Carlo Simulations: Two Variance Reduction Methods
In this section, two variance reduction methods, namely importance sampling

[1] and control variates [2], to evaluate European option prices by Monte Carlo
simulations are compared under multi-factor stochastic volatility models. The
technique of importance sampling has been introduced to evaluate European and
Asian option prices in [1, 6]. We briefly review this methodology in Section 3.1.
A control variate method based on [2] is reviewed in Section 3.2. This method has
been applied to several option pricing problems including Barrier and American
options [3]. In Section 3.3, test examples of one and two factor stochastic volatility
models are demonstrated to show that the control variate method performs better
than importance sampling in terms of variance reduction power.
To simplify notations, we present the stochastic volatility model in (2.1) in the
vector form

dVt = b(t,Vt)dt+ a(t,Vt)dηt,(3.10)

where we set

v =





















x
y
z





















, Vt =





















St

Yt

Zt





















, ηt =























W(0)⋆
t

W(1)⋆
t

W(2)⋆
t























,

and we define the drift

b(t, v) =





















rx
α(m1 − y) − ν1

√
2αΛ1(y, z)

δ(m2 − z) − ν2
√

2δΛ2(y, z)





















,

and the diffusion matrix

a(t, v) =































f (y, z)x 0 0

ν1
√

2αρ1 ν1
√

2α
√

1− ρ2
1 0

ν2
√

2δ ρ2 ν2
√

2δ ρ12 ν2
√

2δ
√

1− ρ2
2 − ρ2

12































.
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The priceP(t, x, y, z) of an European option at timet is given by

P(t, v) = IE⋆
{

e−r(T−t)H(ST) | Vt = v
}

.(3.11)

The basic Monte Carlo simulation estimates the option priceP(0,S0, ,Y0,Z0) at
time 0 by the sample mean

(3.12)
1
N

N
∑

k=1

e−rT H(S(k)
T )

whereN is the total number of sample paths andS(k)
T denotes thek-th simulated

stock price at timeT.
3.1 Importance Sampling

A change of drift in the model dynamics (3.10) can be obtainedby

dVt = (b(t,Vt) − a(t,Vt)h(t,Vt)) dt+ a(t,Vt)dη̃t,(3.13)

where

η̃t = ηt +

∫ t

0
h(s,Vs)ds.

The instantaneous shifth(s,Vs) is assumed to satisfy the Novikov’s condition

IE⋆
{

exp

(

1
2

∫ T

0
h2(s,Vs)ds

)}

< ∞.

By Girsanov Theorem, one can construct the new probability measureĨP by

dIP⋆

dĨP
= QT ,

where the Radon-Nikodyn derivative is defined as

QT = exp

({∫ T

0
h(s,Vs)dη̃s −

1
2

∫ T

0
||h(s,Vs)||2ds

})

,(3.14)

such that ˜ηt is a Brownian motion under̃IP. The option priceP can be written as

P(t, v) = ĨE
{

e−r(T−t)H(ST)QT | Vt = v
}

.(3.15)

By an application of Ito’s formula toP(t,Vt) Qt, one could obtain a zero variance
of the discounted payoff e−r(T−t)H(ST)QT by optimally choosing

h = − 1
P

(

aT ∇P
)

.(3.16)
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(See details in [1, 15].) The super script notationT denotes transpose and∇
denotes the gradient. However, neither the priceP nor its gradient∇P were known
in advance.
The idea of importance sampling techniques introduced in [1] is to approximate
unknown option pricePε,δ by P̃ as in (2.4). Then the Monte Carlo simulations are
done under the new measureĨP:

P(t, x, y, z) ≈ 1
N

N
∑

k=1

e−r(T−t)H(S(k)
T )Q(k)

T ,(3.17)

whereN is the total number of simulations, andS(k)
T andQ(k)

T denote the final value
of thek-th realized trajectory (3.13) and weight (3.14) respectively.
3.2 Control Variate Method

A control variate withm multiple controls is defined as:

PCV △= PMC +

m
∑

i=1

λi(P̂
i
C − Pi

C).(3.18)

We denote byPMC the sample mean of outputs from an IID simulation procedure.
EachP̂i

C represents the sample mean of those outputs jointly distributed by the
previous simulation procedure. In addition, we assumeP̂i

C has the meanPi
C which

at best has a closed-form expression in order to reduce computational cost. The
control variatePCV thus becomes an unbiased estimator ofPMC. Each control
parameterλi needs to be chosen to minimize the variance ofPCV as the coefficients
in least squares regression. A detailed discussion on control variates can be found
in [7] and an application to Asian option option in [8].
A constructive way to build control variate estimators under diffusion models (2.1)
is as follows. Based on Ito’s formula, the discounted optionprice satisfies

de−rsP(s,Ss,Ys,Zs) = e−rs

(

∂

∂t
+Lε,δ(S,Y,Z) − r ·

)

P ds+ e−rs∇P · (a · dηs).

The first term on the right hand side is crossed out because of (2.3). Integrating
above equation in time between the current timet and the expiry dateT, and using
the terminal conditionP(T,ST ,YT ,ZT) = H(ST),

P(t,St,Yt,Zt) = e−r (T−t)H(ST) −
∫ T

t
e−r(s−t)∇P · (a · dηt)(3.19)

is deduced.
However, the unknown price process{P(s,Xs,Ys,Zs)} along trajectories between
{t ≤ s≤ T} appears in each stochastic integral in (3.19). The use of price approx-
imation (2.4)

Pε,δ(t, x, y, z) ≈ P̃(t, x, z),
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suggests a constructive way to build the control variate

PCV = e−r(T−t)H(ST) −
∫ T

t
e−r(s−t) ∂P̃

∂x
σsSsdW(0)⋆

s(3.20)

−
∫ T

t
e−r(s−t) ∂P̃

∂z
ν2
√

2δ
(

ρ2dW(0)⋆
s + ρ12dW(1)⋆

s +

√

1− ρ2
2 − ρ2

12dW(2)⋆
s

)

becausẽP is independent of the variabley. It is readily observed thatPCV is un-
biased since by the martingale property of the stochastic integrals, the conditional
expectation of the stochastic integrals are zero. In addition, it naturally suggests
multiple estimators of optimal control parameters. To fit inthe setup of the control
variate with multiple controls (3.18), we have chosen fori ∈ {1, 2} :

PMC = e−r(T−t)H(ST)

λi = −1

P̂i
C =

∫ T

t
e−r(s−t) ∂P̃

∂x
σsSsdW(0)⋆

s I{i=1}

+

∫ T

t
e−r(s−t) ∂P̃

∂z
ν2
√

2δ
(

ρ2dW(0)⋆
s + ρ12dW(1)⋆

s +

√

1− ρ2
2 − ρ2

12dW(2)⋆
s

)

I{i=2}

Pi
C = 0.

3.3 Numerical Results
Two sets of numerical experiments are proposed in order to compare the

variance reduction performances of importance sampling and control variate de-
scribed previously. The first set of experiments is for one-factor SV models and
the second set is for two-factor SV models. These experiments are done only for
vanilla European call options.

3.3.1 One-Factor SV Models
Under the framework of the two-factor SV model (2.1), an one-factor SV

model is obtained by setting all parameters as well as the initial condition used
to describe the second factorZt in (2.1) to zero. Our test model is chosen as in
Fouque and Tullie [6], in which they used an Euler scheme to discretize the diffu-
sion processVt to run the Monte Carlo simulations. The time step is 10−3 and the
number of realizations is 10000.
The one-factor stochastic volatility model is specified in Tables 1 and 2. In [6]
the authors proposed an importance sampling technique by using an approximate
option price obtained by a fast mean-reversion expansion. This approach is de-
scribed in Section 3.1. Since only the one-factor SV model isconsidered, the
zero-order price approximation reduces to

PBS(t, x; σ̄) = xN(d1(x)) − Ke−r(T−t)N(d2(x)),(3.21)
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Table 1 Parameters used in the one-factor stochastic volatility model (2.1).

r m1 m2 ν1 ν2 ρ1 ρ2 ρ12 Λ1 λ2 f (y, z)
10% -2.6 0 1 0 -0.3 0 0 0 0 exp(y)

Table 2 Initial conditions and call option parameters.

$S0 Y0 Z0 $K T years
110 -2.32 0 100 1
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where

d1(x) =
ln(x/K) + (r + 1

2σ
2)(T − t)

σ
√

T − t
,

d2(x) = d1(x) − σ
√

T − t,

N(d) =
1
√

2π

∫ d

−∞
e−u2/2du,

the constant effective volatility σ̄ = σ̄(0) is defined in (2.5), and the first-order
price approximation reduces to

P̃ = PBS + (T − t)

(

V2x2 ∂
2

∂x2
+ V3x

∂

∂x

(

x2 ∂
2

∂x2

))

PBS.

In [6] it is found that the importance sampling technique performs best by em-
ploying the first-order price approximatioñP. According to different level of
mean-reverting rateα, numerical results shown on Table 1 in [6] are copied to
the second column of our Table 3, in whichVARMC denotes the variance com-
puted from basic Monte Carlo andVARIS(P̃) denotes the variance computed from
importance sampling.
Our procedure to construct the control variate was described in Section 3.2. Since
only one-factor model is considered, the control variate defined in (3.20) is re-
duced to

PCV = e−r(T−t)H(ST) −
∫ T

t
e−r(s−t) ∂PBS

∂x
σsSsdW(0)⋆

s .(3.22)

Notice that we choose the zero-order option price approximation PBS instead
of the first-order price approximatioñP. The reason is that we have not found
any major improvement by using̃P instead ofPBS in our empirical results. In
the third column of Table 3, we list the sample variance ratios obtained from
the basic Monte Carlo and the Monte Carlo with our control variate, namely
VARMC/VARCV(PBS). From this test example, the control variate given in (3.22)
apparently dominates the importance sampling.

3.3.2 Two-Factor SV models
We continue to investigate the performance of variance reduction for the two-

factor SV model (2.1) defined in Table 4 and 5. Fouque and Han [1] present an
importance sampling technique as described in Section 3.1 to evaluate European
option prices. Their numerical results extracted from Table 3 in [1] are summa-
rized as variance ratios in the third column of Table 6. According to different rates
of mean-reversionα’s andδ’s for each factor, we illustrate ratios of sample vari-
ances computed from the basic Monte Carlo, denoted byVARMC and the Monte
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Table 3 Comparison of estimated variance reduction ratio for European call options with variousα’s.
Notation VARMC is the sample variance from basic Monte Carlo simulation.VARIS(P̃) is the
sample variance computed from the important sampling withP̃ defined in (2.4) as an approximate
option price. VARCV(PBS) is the sample variance computed from the control variate with PBS
defined in (3.21) as an approximate option price.

α VARMC/VARIS(P̃) VARMC/VARCV(PBS)
0.5 7.8095 49.8761
1 15.7692 29.9266
5 19.3333 31.8946
10 29.6250 51.4791
25 36.7143 100.1556
50 48.0000 183.6522
100 106.3333 229.9224

Table 4 Parameters used in the two-factor stochastic volatility model (2.1).

r m1 m2 ν1 ν2 ρ1 ρ2 ρ12 Λ1 λ2 f (y, z)
10% -0.8 -0.8 0.5 0.8 -0.2 -0.2 0 0 0 exp(y+ z)

Table 5 Initial conditions and call option parameters.

$S0 Y0 Z0 $K T years
55 -1 -1 50 1



December 29, 2008 6:21 Proceedings Trim Size: 9in x 6in Daiwa08.vfinal2

13

Table 6 Comparison of sample variances for various values ofα andδ. NotationVARMC is the sample
variance from basic Monte Carlo simulation,VARIS(P̃) is the sample variance computed from the
important sampling withP̃ defined in (2.4) as an approximate option price.VARCV(PBS) is the
sample variance computed from the control variate withPBS defined in (3.24) as an approximate
option price.

α δ VARMC/VARIS(P̃) VARMC/VARCV(PBS)
5 1 13.4476 15.6226
20 0.1 17.5981 101.7913
50 0.05 32.9441 167.7985
100 0.01 24.4564 284.6705

Carlo simulations with importance sampling, denoted byVARIS(P̃). Among these
Monte Carlo simulations, there is a total of 5000 sample paths in (3.17) simulated
based on the discretization of the diffusion processVt using an Euler scheme with
time step∆t = 0.005.
As in the case of one-factor SV models, we do not find apparent advantage of
variance reduction by choosing the first-order approximateoption priceP̃ com-
pared to using of the zero-order approximationPBS. Hence the control variate
implemented in this numerical experiment is given by

PCV = e−r(T−t)H(ST) −
∫ T

t
e−r(s−t) ∂PBS

∂x
σsSsdW(0)⋆

s(3.23)

−
∫ T

t
e−r(s−t) ∂PBS

∂z
ν2
√

2δ
(

ρ2dW(0)⋆
s + ρ12dW(1)⋆

s +

√

1− ρ2
2 − ρ2

12dW(2)⋆
s

)

,

where

PBS(t, x; σ̄(z)) = xN(d1(x, z)) − Ke−r(T−t)N(d2(x, z)),(3.24)

d1(x, z) =
ln(x/K) + (r + 1

2σ
2(z))(T − t)

σ(z)
√

T − t
,

d2(x, z) = d1(x, z) − σ(z)
√

T − t.

In the fourth column of Table 6, we list the sample variance ratios obtained from
the basic Monte Carlo and the Monte Carlo with our control variate, namely
VARMC/VARCV(PBS). Comparing the third and fourth columns in Table 6, a sig-
nificant variance reduction is readily observed. From this test example and indeed
from other extensive numerical experiments, the control variate given above is
superior to the importance sampling.

In [2], a detail account for the accuracy of (martingale) control variate method
is analyzed and a comment on the difficulty to analyze the variance associated
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with importance sampling is stated. For some option priceP or its approximation,
the martingale termM(P,T) defined by

M(P,T) =
∫ T

0
e−rs∂P
∂x

(s,Ss)σSsdW(0)⋆
s

can be interpreted as the delta hedging portfolio accumulated up to timeT from
time 0. Thus the termM(P; T) is also called the hedging martingale by the price
P and the estimator defined from (3.23), i.e.

(3.25)
1
N

N
∑

i=1

[

e−rT H(S(i)
T ) −M(i)(PBS,T)

]

,

is called the martingale control variate estimator. Intuitively the effectiveness of
the martingale control variatee−rT H(ST) − M(PBS; T) is due to the fact that if
delta trading∂P̃

∂x (t, x) is closed to the actual hedging strategy, fluctuations of the
replicating error will be small so that the variance of the estimator (3.25) should be
small. Under OU-type processes to model (Yt,Zt) in (2.1) with 0< ε, δ ≪ 1, the
variance of the martingale control variate for European options is small of order
ε andδ. This asymptotic result is shown in [2]. Variance analysis to American
options and Asian options can be found in [3] and [8] respectively.

4. Quasi Monte Carlo Method and A Counterexample
All Monte Carlo methods studied so far are fundamentally related to pseudo

random sequences that generate random samples in our simulations. As an al-
ternative integration methods, the use of the quasi-randomsequences (also called
low-discrepancy sequences) to generate random samples needed in simulations
is called Quasi-Monte Carlo method. QMC method has drawn a lot of attention
in financial applications, for example see [12] and [20], because they are able to
provide better convergence rates.
4.1 Introduction to Quasi Monte Carlo Method

There are two classes of low-discrepancy sequences (LDS in short) as ex-
plained extensively in [10], [16] and [23]. One is called thedigital net se-
quences, such as Halton sequence, Sobol sequence, Faure sequence, and Nieder-
reiter (t, s)−sequence, etc. To estimate an integral with a smooth integrand over
a hypercube space, this kind of LDS has convergence rateO( (logN)s

N ), wheres
is the dimension of the problem andN denotes the number of quasi-random se-
quence. The other class is the integration lattice rule points. This type of LDS is
especially efficient for estimating multivariate integrals with periodicand smooth
integrands, and it has convergence rateO( (logN)αs

Nα ), whereα > 1 is a parameter re-
lated to the smoothness of the integrand. L’Ecuyer [14] alsomade contributions to
lattice rules based on linear congruential generator. One important feature of this
type of lattice rule points (referred to L’Ecuyer’s type lattice rule points, LTLRP,
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thereafter) is that it is easy to generate high dimensional LTLRP point sets with
convergence rate comparable to digital net sequences. We will apply the LTLRP
as well since our test examples are high dimensional. Besides the above LDS,
we also apply the Brownian bridge (BB) sampling technique toour test problems.
Detailed information about Brownian bridge sampling can befound in [7].
It is possible to measure the QMC error through a confidence interval while pre-
serving much of the accuracy of the QMC method. Owen [19] showed that for
smooth integrands, the root mean square error of the integration over the hyper-
cube space using a class of randomize nets isO

(

1/N1.5−ε
)

for all ε > 0. This
accuracy result promotes the use ofrandomizedQMC methods. See for example
[11] and [14] for the use of randomization schemes.
Despite that regularity of the integrand function corresponding to the payoff
H(ST) is generally poor [7], there are still many applications ofusing QMC or
randomized QMC as a computational tool. In Section 4.2 we give a counterex-
ample of using QMC method for pricing lower bound solutions of American put
options. The error of QMC methods applying to the basic MonteCarlo estimator
can be very sensitive to the choice of quasi random sequences.
As shown in Table 7, low-biased prices calculated from either Niederreiter or
Sobol sequence are found greater than the benchmark true American option prices
in all cases of intial stock priceS(0), though Sobol sequence does generate smaller
estimates than Niederreiter. Surprisingly by adding a hedging martingale as a
control to construct the new estimator of control variate, the accuracy of the low-
biased America option price estimates are found to be significantly better for
(1) Monte Carlo Simulations shown on Columns 2 and 3 in Table 7
(2) two quasi-random sequences shown on Columns 4,5 (Niererreiter) and
6,7(Sobol) respectively.
In particular we observe that the low-biased estimates obtained from Sobol se-
quence corrected by martingale control (Sobol+CV shown on Column 7) are
even more accurate than estimates obtained from martingalecontrol variate (MC
+CV) shown on Column 3. This effect documents that the hedging martingale im-
prove the smoothness of the original American option pricing problem for QMC
method.
4.2 Low-Biased Estimate of American Put Option Price

The right to early exercise a contingent claim is an important feature for
derivative trading. An American option offers its holder, not the seller, the right
but not the obligation to exercise the contract any time prior to maturity during
its contract life time. Based on the no arbitrage argument, the American option
price at time 0, denoted byP0, with maturityT < ∞ is considered as an optimal
stopping time problem [3, 22] defined by

P0 = sup
0≤τ≤T

IE⋆
{

e−rτH (Sτ)
}

,(4.26)
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whereτ denotes a bounded stopping time less than or equal to the maturity T.
We shall assume in this section that the underlying dynamicsSt follows Black-
Scholes model so thatdSt = rStdt+ σStdW⋆t .
Longstaff and Schwartz [17] took a dynamic programming approach and proposed
a least-square regression to estimate thecontinuation valueat each in-the-money
asset price state. By comparing the continuation value and the instant exercise
payoff, their method exploits a decision rule, denoted byτ, for early exercise along
each sample path generated. As the fact thatτ being a suboptimal stopping rule,
Longstaff-Schwartz’ method induces a low-biased American option price estimate

IE⋆
{

e−rτH
(

Sτ
)}

.(4.27)

It is shown in [2] and [3] that we can use a locally hedging martingale to preserve
the low-biased estimate (4.27) by

IE⋆
{

e−rτH
(

Sτ
)

−
∫ τ

0
e−rs∂PE

∂x
(s,Ss)σSsdW⋆s

}

(4.28)

whereP̃ is an approximation of the American option price. By the spirit of hedg-
ing martingale discussed in Section 3.2, we considerP̃ = PE the counterpart
European option price. In the case of the American put option, P0 is unknown but
its approximationPE admits a closed-form solution, known as the Black-Scholes
formula. Its delta, used in (4.28), is given by

∂PE

∂x
(t, x; T,K, r, σ) = N

(

ln(x/K) + (r + σ2/2)(T − t)

σ
√

T − t

)

− 1,

whereN(x) denotes the cumulative normal integral function.
As an example we consider a pricing problem at time 0 for the American put op-
tion with parametersK = 100, r = 0.06,T = 0.5, andσ = 0.4. Numerical results
of the low-biased estimates by MC/QMC with or without hedging martingales
are demonstrated in Table 7. The first column illustrates a set of different initial
asset priceS0. The true American option prices corresponding toS0 are given
in Column 6, depicted from from Table 1 of [22]. Monte Carlo simulations are
implemented by sample sizeN = 5000 and time step size (Euler discretization)
∆t = 0.01. Column 2 and Column 3 illustrate low-biased estimates and their stan-
dard errors (in parenthesis) obtained from MC estimator related to Equation (4.27)
and MC+CV estimator related to Equation (4.28) respectively.
Foe Monte Carlo method, we observe that (1) almost all estimates obtained from
martingale control variate are below the true prices (2) thestandard errors are
significantly reduced after adding the martingale controlM(PE; τ). A variance
analysis for the applications of Monte Carlo methods to estimate high and low-
biased American option prices can be found in [3].
For QMC methods we use 5000 Niederreiter and Sobol sequencesof dimension
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Table 7 Comparisons of low-biased estimates (Column 2-5) and the actual American option prices
(Column 6). MC denotes the basic Monte Carlo estimates. MC+CV denotes the control variate
estimates with the hedging martingaleM(PE; τ) being the additive control. Standard errors are
shown in the parenthesis. QMC and QMC+CV denote calculations of Equation (4.27) and (4.28)
using quasi sequences respectively.

S0 MC MC+CV Nied Nied+CV Sobol Sobol+CV P0(true)
80 20.7368 20.6876 22.6082 21.3201 21.7576 21.6013 21.6059

(0.2353) (0.0124)
85 17.3596 17.3586 19.4384 17.9261 18.3297 18.0350 18.0374

(0.2244) (0.0134)
90 14.3871 14.3930 16.6127 14.8104 15.1183 14.8961 14.9187

(0.2125) (0.0139)
95 11.8719 11.8434 13.8932 12.1300 12.3594 12.1673 12.2314

(0.1995) (0.0148)
100 9.8529 9.6898 11.6586 9.8260 10.0792 9.8754 9.946

(0.1881) (0.0157)
105 7.9586 7.8029 9.6797 7.8798 8.1467 7.9813 8.0281

(0.1684) (0.0154)
110 6.2166 6.2606 7.9423 6.2726 6.4757 6.3924 6.4352

(0.1518) (0.0150)
115 5.0815 5.0081 6.5097 4.9778 5.1302 5.0681 5.1265

(0.1367) (0.0144)
120 4.0885 3.9389 5.3008 3.8998 3.9772 3.9784 4.0611

(0.1245) (0.0146)

100. In column 4 we see clearly that in all cases ofS0, low-biased QMC estimates
are unreasonably greater than the true American prices. Thestriking part is that af-
ter adding hedging martingales, low-biased estimates related to Nied+CV shown
on Column 5 and Sobol+CV shown on Column 7 are indeed below the bench-
mark true prices. These results strongly indicate that the hedging martingale plays
the role of a smoother for MC/QMC methods. Because the complexity of Amer-
ican option pricing problems is high, we explore the smooth effect of hedging
martingales by considering European option pricing problems under multifactor
stochastic volatility models in next section.

5. A Smooth Estimator: Control Variate for MC/QMC Methods
We have seen in Section 3 the (martingale) control variate method performs

better in variance reduction than importance sampling for pricing European op-
tion prices under multi-factor stochastic volatility models, and in Section 4 that a
possibility of misusing QMC method and a way to fix it by (localmartingale) con-
trol variate for pricing American options. In this section we give a comprehensive
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studies in efficiencies, including variance reduction ratios and computing time, of
using control variate technique developed in the previous section, combined with
Monte Carlo and quasi-Monte Carlo methods. Our test examples are European
option prices and itsdelta, the first partial derivative of option price with respect
to its initial stock price, under random volatility environment.
5.1 European Call Option Estimation

We assume that the underlying assetS is given by (2.1). In our computations,
we use C++ on Unix as our programming language. The pseudo random num-
ber generator we used isran2() in [21]. In our comparisons, the sample sizes for
MC method are 10240, 20480, 40960, 81920, 163840, and 327680, respectively;
and those for Sobol sequence related methods are 1024, 2048,4096, 8192, 16384,
and 32768, respectively, each with 10 random shifts; and thesample sizes for
L’Ecuyer’s type lattice rule points (LTLRP for short) related methods are 1021,
2039, 4093, 8191, 16381, and 32749, respectively, and again, each with 10 ran-
dom shifts.
In the following examples, we divide the time interval [0,T] into m= 128 subin-
tervals. In Table 8, the first column labeled asN indicates the number of Monte
Carlo simulations or the Quasi-Monte Carlo points. The second column labeled as
MC indicates the option price estimates (standard errors inthe parenthesis) based
on the basic MC estimator (3.12). All rest columns record variance reduction ra-
tios between many specific MC/QMC methods and the basic MC estimates. For
example, the third column labeled as MC+CV indicates the variance reduction ra-
tios as the squares of the standard errors in the second column versus the standard
errors obtained from the martingale control variate estimation (3.25). The fourth
column labeled as Sobol indicates the variance reduction rations as the squares of
the standard errors in the second column versus the standarderrors obtained from
the estimation (3.12) by randomized Sobol sequence.
Model parameters and initial setup of the European call option pricing prob-
lems under two-factor stochastic volatility models are chosen the same in Table
4 and Table 5 respectively. For mean-reverting ratesα andδ in volatility pro-
cesses, we takeα = 50, δ = 0.5. Numerical results are listed in Tables 8 and 9,
where MC+CV stands for Monte Carlo method using control variate technique,
Sobol+BB means the quasi-Monte Carlo method using Sobol sequence with
Brownian bridge sampling technique, LTLRP for QMC method using L’Ecuyer
type lattice rule points, etc.

From Table 8, we observed the following facts. Using the control variate tech-
nique, the variance reduction ratios are around 48 for pseudo-random sequences.
Without control variate, both Sobol sequence and L’Ecuyer type lattice rule points,
even combined with Brownian bridge sampling technique, thevariance reduction
ratios are only a few times better than the MC sampling. However, when combined
with control variate, the variance reduction ratios for theSobol sequence vary from
about 124 to 339 for Sobol+CV and from 115 to 480 for Sobol+CV+BB; and the
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Table 8 Comparison of simulated European call option valuesand variance reduction ratios forα = 50,
δ = 0.5

N MC MC+CV Sobol Sobol+CV Sobol+BB Sobol+CV+BB
1024 11.839(0.126) 45.8 5.0 339.3 2.6 129.3
2048 11.837(0.090) 48.0 2.3 304.8 4.0 138.4
4096 11.862(0.064) 48.4 1.8 124.8 2.5 158.4
8192 11.804(0.045) 47.4 2.3 124.0 2.9 148.4
16384 11.816(0.032) 47.1 1.4 176.1 7.7 115.5
32768 11.857(0.022) 48.1 1.7 235.9 4.5 479.9

N LTLRP LTLRP+CV LTLRP+BB LTLRP+CV+BB
1021 2.0 75.5 7.3 687.9
2039 3.1 135.1 7.0 298.5
4093 3.1 143.9 2.2 140.1
8191 4.2 347.8 4.9 286.0
16381 3.1 227.9 7.8 94.8
32749 6.4 728.7 15.1 741.6

Table 9 Comparison of time (in seconds) used in the simulation of the above European option

N MC MC+CV Sobol Sobol+CV Sobol+BB Sobol+CV+BB
1024 7 10 7 9 7 12
2048 13 19 13 17 13 18
4096 26 40 26 35 28 39
8192 54 82 56 70 56 78
16384 109 167 107 139 107 157
32768 225 316 222 301 218 318

N LGLP LGLP+CV LGLP+BB LGLP+CV+BB
1021 5 9 7 11
2039 11 17 13 21
4093 24 34 27 40
8191 45 72 56 78
16381 90 167 106 160
32749 184 293 219 311
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variance reduction ratios for the L’Ecuyer type lattice rule points range from about
75 to 729 for LTLRP+CV and from 94 to 742 for LTLRP+CV+BB. This implic-
itly indicates that the new controlled payoff e−rT (ST − K)+−M(PBS) is smoother
than the original call payoff e−rT (ST − K)+. It can be easily seen that under the
Black-Scholes model with the constant volatilityσ, the controlled payoff is ex-
actly equal to the Black-Scholes option pricePBS(0,S0;σ), which is a constant
so as a smooth function; while the original call payoff function is only continuous
and even not differentiable.
Another interesting observation is that the variance reduction ratios do not always
increase when the two low-discrepancy sequences are combined with control vari-
ate and Brownian bridge sampling, compared with when they are combined with
control variate without Brownian bridge sampling.
Regarding time used in simulations, from Table 9 we observedthat the time dif-
ferences among methods without control variates are not significant, but the time
differences between methods with and without control variates are not ignorable.
Similar conclusions are true regarding time used in simulations for other cases.
5.2 Accuracy Results

To see the smooth effect of a martingale control, Theorem 1 [2] shows that
Var

(

e−rT H (ST) −M0(PBS)
)

≤ C max{ε, δ} for smooth payoff functionH whenε

andδ are small enough. That is, the original varianceVar
(

e−rT H (ST)
)

is reduced
from order 1 to small order ofε and δ using the martingale control. Then by
Proinov bound [16] it is easy to show that the error of QMC method is of order√
ε and

√
δ. Thus it implied that the variance of randomized QMC is of small

orderε andδ.
5.3 Delta Estimation

Estimating the sensitivity of option prices over state variables and model pa-
rameters are important for risk management. In this sectionwe consider only the
partial derivative of option price with respect to the underlying risk asset price,
namelydelta. To compute Delta, we adopt (1) pathwise differentiation (2) central
difference approximation to formula our problems. Then as in previous section
we use martingale control variate in Monte Carlo simulations and a combination
of martingale control variate with Sobol sequence in randomized QMC method.
By pathwise differentiation (see [7] for instance), the chain rule can be applied to
Equation (2.2) so that

∂Pε,δ

∂S0
(0,S0,Y0,Z0) = IE⋆

{

e−rT I{ST>K}
∂ST

∂S0
| S0,Y0,Z0

}

is obtained. Since

erT ∂ST

∂S0
= e

R T
0 σtdW(0)∗

t − 1
2

R T
0 σ

2
t dt(5.29)
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is an exponential martingale, one can construct aIP⋆-equivalent probability mea-
sure P̃ by Girsanov Theorem. As a result, under the new measureP̃ the delta
∂Pε,δ

∂S0
(0,S0,Y0,Z0) has a probabilistic representation of the digital-type option

Pε,δD (0,S0,Y0,Z0) :=
∂Pε,δ

∂S0
(0,S0,Y0,Z0) = Ẽ

{

I{ST>K} | S0,Y0,Z0
}

,(5.30)

where the dynamics ofSt must follow

dSt =
(

r + f 2 (Yt,Zt)
)

Stdt+ σtStdW̃(0)
t ,(5.31)

with W̃(0) being a standard Brownian motion underP̃. The dynamics ofYt andZt

will change according to the drift change ofW(0)
t .

Following the same argument of option price approximation,or see Appendix
in [2], the digital call optionPε,δD (0,S0,Y0,Z0) admits thehomogenizedapproxi-

mation P̄D(S̄0,Z0) := Ē
{

I{S̄T>K} | S̄0 = S0,Z0

}

, where the “homogenized” stock
priceS̄t satisfies

dS̄t =
(

r + σ̄2(Zt)
)

S̄tdt+ σ̄(Zt)S̄tdW̄(0)
t

with W̄(0)
t being a standard Brownian motion [4]. In fact, the homogenized ap-

proximationĒ
{

I{S̄T>K} | S̄t,Zt

}

is a probabilistic representation of the homoge-

nized “delta”,∂PBS
∂x , wherePBS defined in Section 2.1.

The martingale control for the digital call option price (5.30) can be constructed
as in Section 3.2 so that similar martingale control variateestimator is obtained as

1
N

N
∑

k=1

[

e−rT I{S(k)
T >K

} −M(k)(P̄D,T)
]

.

Numerical results of variance reduction by MC/QMC to estimatedelta can be
found in Table 10. All model parameters, initial conditionsand mean-reverting
rates are chosen the same in previous section.
Another way to approximate thedeltais by central difference. A small increment
∆S > 0 is chosen to discretize the partial derivative by

Pε,δD =
∂Pε,δ

∂S0
≈ Pε,δ(0,S0 + ∆S/2,Y0,Z0) − Pε,δ(0,S0 − ∆S/2,Y0,Z0)

∆S
.

Each European option price corresponding to different initial stock priceS0+∆S/2
andS0 − ∆S/2 respectively is computed by the martingale control variate method
with MC/QMC. Numerical results of variance reduction by MC/QMC to estimate
deltacan be found in Table 11.

In contrast to the European call option cases, QMC method doesn’t make a
great benefit in variance reduction in both pathwise differentiation and central
difference approximation. This is because the regularity of thedelta function is
worse than the call function.
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Table 10 Comparison of variance reduction ratios to estimate the∆ of an European call option by
martingale control variate method

N MC MC+CV Sobol Sobol+CV
1024 0.8320(0.00513) 13.3 2.4 17.5
2048 0.8413(0.00358) 13.2 2.2 8.4
4096 0.8405(0.00254) 13.8 2.9 21.4
8192 0.8371(0.00180) 13.5 3.8 11.3
16384 0.8397(0.00127) 13.7 3.0 21.4
32768 0.8397(0.00090) 13.7 1.3 18.8

Table 11 Comparison of variance reduction ratios to approximate the∆ of an European call option by
Central Difference Scheme

N MC MC+CV Sobol Sobol+CV
1024 0.8490(0.00507) 15.8 2.6 25.7
2048 0.8354(0.00357) 14.7 1.8 7.9
4096 0.8378(0.00253) 14.7 2.8 21.6
8192 0.8355(0.00179) 14.9 5.5 13.6
16384 0.8381(0.00126) 14.7 4.8 19.4
32768 0.8384(0.00090) 14.7 2.8 15.2
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6. Conclusion
Using (randomized) QMC methods for irregular or high dimensional problems

in computational finance may not be efficient as shown in pricing American op-
tion under Black-Scholes model and European option under multifactor stochastic
volatility models, respectively. Based on the delta hedging strategy in trading fi-
nancial derivatives, the value process of a hedging portfolio is considered as a
martingale control in order to reduce the risk (replicationerror) of traded deriva-
tives. For the martingale control, its role as a smoother forMC/QMC methods
becomes clear when significant variance reduction ratios are obtained. An expla-
nation of the effect of the smoother under perturbed volatility models can befound
in [8].
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