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Abstract

In [7, 8] the Law of Large Numbers for the local mass of certain
superdi usions was proved under a spectral theoretical assmption,
which is equivalent to the ergodicity (positive recurrence of the motion
component of anH -transformed (or weighted) superprocess. In fact
the assumption is also equivalent to the property that the saling for
the expectation of the local mass is precisely exponential.

In this paper we go beyond ergodicity, that is we consider cass
when the scaling is not purely exponential. Inter alia, we prove the
analog of the Watanabe-Biggins Law of Large Numbers for supe
Brownian motion (SBM).

We will also prove another Law of Large Numbers for a bounded
set moving with subcritical speed, provided the variance tem decays
su ciently fast.

Further illustrative examples, such as SBM with drift and super-
Ornstein-Uhlenbeck process, will be provided too.
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1 Introduction and statement of results

1.1 Basic notions

Let D RY be a domain and let B(D) denote the Borel sets ofD. We
write M (D) and M (D) for the class of nite measures resp. the class
of nite measures with compact support on B(D). For 2 M (D), de-
note k k:= (D) and let Cg(D) and C{ (D) be the class of non-negative
bounded continuous resp. non-negative continuous functioss D ! R hav-
ing compact support. Write C*% (D) for the usual Helder spaces of index

2 (0;1] including derivatives of order k, and setC (D) := C% (D). Fi-
nally, A D will mean that the closure of the bounded domainA is in
D.

Let L be an elliptic operator on the domainD  RY of the form

L::%r ar +br; D

where a;; ;b 2 ct (D), i;j =1;::;d, for some 2 (0;1], and the matrix
a(x) = (a(x)) is symmetric, and positive de nite for all x 2 D. In
addition, let ; 2 C (D), and assume that is positive, and is bounded
from above.

Denition 1 ( (L; ; ;D)-superdiusion) With D;L; and as above,
let (X;P ; 2M (D)) denote the (L; ; ;D)-superdiusion. That is,
X is the unigue M ¢ (D)-valued continuous (time-homogeneous) Markov
process which satis es, for anyg 2 Cg (D),

E exphXi; gi=exph; u(;t)i; 2)
where u is the minimal nonnegative solution to

9
w=Lu+u u? onD (0;1); =

- Y= af ) : 3
limu(;t) = 9(): -

R
As usual, h;f i denotes the integral 5 (dx)f (x):

(See [3, 4] or [2] for the de nition of superprocesses in gerd; see [5] for
more on the de nition in the particular setting above.)

One usually refersto asmass creationand as theintensity parameter
(or variance).

Note that although the above model is a time-homogeneous press,
later on the introduction of certain time-inhomogeneoussuperdi usions will
be necessary.



1.2 Law of Large Numbers vs. Local extinction

Our principal interest is in establishing a Law of Large Numbers for the
local mass of certain superdi usions. Thatisif06 f 2 C{(D)and06 2
M ¢(D); then we would like to verify that,

O Xef
im et oy
M E WX f ’

whereN is a (non-degenerate) random variable and the limit holds insome
suitable sense. (See [8] for an explanation on why such a s&nhent can be
called a Law of Large Numbers.)

One can immediately see however, that such a law cannot be teiwithout
having some condition on the operator corresponding to the perprocess.
To elucidate this point, note that the Law of Large Numbers will obviously
not hold when X exhibits local extinction (i.e., the support of X leaves any
given bounded set,P -a.s. foreach 2 M (). Now let

¢c= L+ )=inff 2R : 9u> 0 satisfying (L + Ju=0in Dg
4)
denote the generalized principal eigenvaludor L + on D (see the Appen-
dix). Since Pinsky proved that X exhibits local extinction if and only if
¢ 0, we can only hope to have the Law of Large Numbers if we assume
that > O.

1.3 Motivation

In order to understand what follows, we need to present rst some concepts
regarding the criticality theory of second order elliptic operators (for a com-
plete presentation, the reader is referred to Chapter 4 in [2]). The operator
L+ c Is calledcritical if there exists a positive functionf satisfying that
(L+ c)f =0 but there is no (minimal positive) Green's function for th e
operator L + ¢ Inthis casef is unique up to constant multiples and is
called the ground state The operator L + ¢ is called product-critical if
it is critical with ground state 0 < , and . and & (i.e. the ground state
for the formal adjoint of L + ¢) satisfy hdx; & < 1 . In this case
we normalize them by hdx; (&i = 1. If L + ¢ possesses a Green's
function, then it is called subcritical.

All the above concepts are invariant under h-transforms. Finally, the
di usion process corresponding to an operator with no zeroh order part is
(positive) recurrent if the operator is (product-) critica |, and transient if the
operator is subcritical.



The following has been shown in [8]:

Proposition 1 ([8], Theorem 1) In addition to the assumption > 0,

also assume that_ + c is product-critical, that ¢ 1S bounded and that
X starts in a state with h; . < 1. Letf 2 CI(D). If f 6 0and

ji €0, then

. —H
|||m hXt,fl _ Xl

M E Xofi h Ci; in P probability : (5)

Remark 1 (Exponential scaling) In fact, product-criticality is equiva-
lent to the property that the linear semigroup scales precigly exponentially.
This is because ifL + ¢ Is not product-critical, then the h-transformed
operator, with any positive harmonic function h, has no zeroth order part,
and the corresponding di usion process is either transientor null-recurrent.
The spatial h-transform does not change the scaling in time and for a semi-
group corresponding to a transient or null-recurrent di usion, scaling is not
precisely exponential [3].

A simple case of a superdiusion is whenD = R% d 1, L = 1, with
;  positive constants (supercritical super-Brownian motion). Here .=
and

1, =1
2 €2
Since .= € 1;,d 1;the operator% is either critical but not product-
critical (d  2), or subcritical (d  3). Therefore this case was not included
in the setup of [8]. On the other hand, the corresponding (Strong) Law of
large Numbers is well known fordiscrete particle systems

Using techniques from Fourier transform theory, Watanabe [L4] proved
SLLN for branching-Brownian motion in RY and in certain subdomains of
it. It is not clear however if his method can be generalized fomore general
branching di usions. Furthermore, the proof in [14] is thought to have a
gap. In [14] a family of nonnegative martingalesf W, ; 2 g is considered,
together with the family of their limits L = fW ; 2 g, whereW =
limya W, . The problem, however, is that those limits are onlyalmost sure
ones, so for every 2 there is an exceptional null get N . Since is not
countable, L is unde ned on the uncountable union ~ , N !

Biggins [1] gives a complete proof for the case when branchgaBrownian
motion is replaced by branching RW. Here time is discrete:n = 1;2;::: and
instead of consideringf W, g as a family indexed by , it is thought of as a
sequence of (continuous) functiond W, ( )g, i.e. is not the index but the
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argument. If the sequence is restricted to a compact subsdt , it can
be thought of as a martingale with values in the Banach space focontinuous
functions on F (under the supremum norm). Biggins then proves that this
martingale converges almost surely and in mean.

The purpose of this paper is to prove the Law of Large Numbersdr a
class of superprocesses thancludes supercritical super-Brownian motion.
Instead of trying to adapt the Watanabe-Biggins approach to our setting,
our method will use some ingredients from [8], however the the scales will
have to be modi ed now and also the spatial spread of the procgs must be
handled. In particular, to verify that supercritical super -Brownian motion
is included in the setup (satis es the assumption on the spaial speed), we
will need a result from [13] too.

1.4 Main results

Throughout the paper the following assumption will be in force.

Assumption 1 Let . = (L + ;D) denote the generalized principal
eigenvalue ofL + on D, and let S = fS;g; o denote the semigroup corre-
sponding toL + conD.

(A.1) (local survival) c> 0,

(A.2) (scaling of linear semigroup)  There exist two functionss: (0;1 ) !
(0;1),andh:D! (0;1); h2 C?% (D), and a locally nite measure
r (dx) such that

log st

(@) logs; = O(logt) (i.e. SUpy o Tpr < 1) and limys  (log st)°=0;

(b) supp h< 1;

(© limys h (dx);st Si(f)(x)i = tifi h;hi forall f 2 Cf (D),
and 2 %M f

(A.3) (spatial spread) There exist a function, :(0;1)! (0;1) and a
family of subdomainsfD¢;t 0g; Dy D such that
@ limy =1,
(b) log(t+ )= oft); t11
(€) limyg  st+ F]:Sl =1, |
(d) limy; P X Df >0 =0,



(e) if f 2 CZ (D), then

H sl . H —_ .
tI!|lm stqu: hO) S.(f)(x) hrfi =0:

Let H(x;t) := exp(  ct)h(x) and consider the weighted superprocesX "
(see section 3). AbbreviateW := X" and let W denote the total mass
process i.e.

W=X":=kxHk: (6)

It is not hard to show that W is a supermartingale (see the Appendix), and
therefore it has a limit, W1 . One does not haveE W, = h;h i in general.
However, WhenLB is conservative onD, that is, it never leaves the domain
D with probability one, W is a Ul martingale (see again the Appendix). In
this case, by uniform integrability, E W1 = h;hi > 0.

Theorem 1 (Law of Large Numbers) With the notations of Assump-
tion 1,if 06 f 2 C/(D)and06 2 M ¢(D); then in probability,

. Xy fi o Wy

M E T hhd

The limit is mean-one (and in particular, not identically zero) when Lg
corresponds to a conservative di usion.

In order to give a simple condition for the limit to be mean-one, we recall
the compact support property

De nition 2  The (L; ; ;D)-superdiusion possesses the compact sup-
port property if
0 1

[
P @ supp (Xs) DA=1;forall 2M(D);t O (7)
0 st

Since there are various conditions given in [5, 6] for the comact support
property to hold, the following result is useful.

Theorem 2 (No loss of mass in the limit) If the compact support prop-
erty holds, then the di usion process corresponding toLB on D is conserv-
ative, and consequently, the limit appearing in Theorem 1 ignean-one.



Using H -transforms we will also prove another Law of Large Numbers
for a bounded set moving with subcritical speed, provided tle variance term
decays su ciently fast.

The06em 3 (Law of Large Numbers for a moving bounded set) Let
c< 2, (xX) Kexp( cx) with someK > 0, and de ne f()(x) :=
f (X2+ ct;X2; 35 Xg). With the notations of Assumption 1,if 06 f 2 C{ (D)
and06 2M ¢(D); then in probability,

Cogf@p
tI!I:I.m E hXf@j Nei

where N¢ is a nonnegative, mean one random variable.

1.5 Outline

The rest of this paper is organized as follows. In section 2 wgive examples
for our main theorem. In section 3 we give a review on a fundansal tool,
a space-time transformation. In section 4 we present the profs. Finally,
the Appendix summarizes the necessary background.

2 Examples

In this section we give ve examples. All of them satisfy the assumption, and
thus obey the Law of Large Numbers. In all the examplesp = RY, and the
constant c (appearing in all but the rst example) is positive. In gur no tation
x is the d-dimensional vector (x1;Xz;::;Xg) and x2 := jxj2= = &, x2. Al
the examples are versions of either the super-Brownian matn (SBM) or
the super-Ornstein-Uhlenbeck process (SOU).

Example 1 (supercritical SBM) The assumptions are satis ed for su-
percritical super-Brownian motion. Indeed, if () > 0,then = ,

because ¢( :;RY) = 0. Furthermore chooseh 1, r(dx) := d x and the
Brownian scaling factor s; := t9%2. Finally, as far as the spatial spread of
the process is concerned); can be de ned asD; := B(P ) 0, where
B, denotes the ball of radiusr > 0 centered at the origin (see [13]); thus ;

can be de ned e.g. as{ = t™ with m > 2. This setting satis es conditions
(2)-(3), as long as 0< is bounded from above.

Consider now the simplest case of the previous example, thene when
is a positive constant. Then the non-degenerate random vagble W1 can



be thought of as the scaled limit of a one dimensional di usia. Indeed,
Y := kX k is a di usion corresponding to the operator

@, o
@3 @x
with Yg = k k, and W]_ =limy¢y; e t Y;.

L:=x on[0;1)

For the reader unfamiliar with spatial h-transform it is helpful to review
section 3 before reading the rest of the examples. (Thé-transform is a
particular case of the H -transform with H (t;x) = h(x).)

In the following examples there is no need to check our assuntipns
for the Law of Large Numbers to hold. The validity of the Law of Large
Numbers will simply follow from its invariance under h-transforms and from
the Law of Large Numbers in the previous example. This will inparticular
mean that the limiting random variable is always non-degenerate

Let X be the supercritical super-Brownian motion of the rst example.
Since the Law of Large Numbers holds true fotX starting with any nonzero
nite measure, therefore it is also true for X " starting with any measure of
the form = h , where 06 is a nite measure. To avoid working with
these h-dependent spaces, we will simply assume in all the exampldselow
that the initial (nonzero) measure belongs toM ..

Example 2 (supercritical SBM with drift) Let h(x) := €*1. Then
X " corresponds to the motion generator

L = % + br; b:i=(c0::0)

(Brownian motion with drift in the rst coordinate directio n), mass creation
h =  +2=2>¢2=2 and intensity parameter " = e 1. Hence,the super-
Brownian motion with drift ¢ > 0 obeys the Law of Large Numbers, if the
mass creation is larger thanc?=2, and the intensity parameter is O(e®%1),

jxaj!'l

Example 3 (supercritical SBM with outward drift) LetO<h 2 C%
satisfy h(x) := €9%I; jxj >> 1. Then X" corresponds to the motion genera-
tor

L = 1 + br; bx)= ci' for jxj >> 1,

2 ' ixj’ '

mass creation "= +c2=2>c?=2and " = e 9%, Hence,any superprocess
obeys the Law of Large Numbers, if the motion component is Bwnian mo-
tion with outward drift ¢ > 0 and the mass creation is larger thanc?=2, while
the intensity parameter is O(e¥), jxj!1
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The last two examples concern “super-Ornstein-Uhlenbeck rpcesses’. A
discrete analog of the rst one has been studied in [10, 9].

Example 4 (supercritical SOU with quadratic ) We now chooséh(x) :=
e  Then XN corresponds to the Ornstein-Uhlenbeck migration with gen-
erator

1
L= - X r;
2
mass creation (x) = K +2c2x2, K > ¢ and " = e *. Hence,
the super-Ornstein-Uhlenbeck process with drif2c obeys the Law of Large
Numbers, as long as the mass creation is of the above form, atite intensity
parameter is O(e %), jxj!1

Example 5 (supercritical outward SOU with quadratic ) Taking h(x) :=
eox? xh corresponds to the migration with generator

1
L=—-+2 cx r;

2
mass creation (x) = K +2c2x2, K > ¢, and " = e%*. Hence, any
superprocess obeys the Law of Large Numbers, if the motion roponent is
an outward drifting Ornstein-Uhlenbeck process with drift2c and the mass
creation is of the above form, while the intensity parameteiis O(ecxz), ixj!
1.

We note that if in the last two example one replaces () by a positive con-
stant , then the models will belong to the setup treated in [7, 8] (pioduct-
critical, or ergodic case).

3 The H-transform of superdi usions

This section gives a review on theH -transform®. The H -transform, intro-
duced in [8], is a space-time generalization of the spatiah-transform for
superdi usions (h-transformed, or weighted superprocesses had been intro-
duced earlier in [5]).

We rst review the more general de nition of a time-inhomogeneous
superdi usion. Let E be an elliptic operator onD R* of the form

E::%r ar +8r (8)

1The reader should not confuse with the space-time harmonic transformation yielding
a Girsanov-type change of measure { see e.g. [11].



where the functionse;;;8 : D R ! R,i;j =1;::;d are ct (D) (for
some 2 (0;1]) in the space, and continuously di erentiable in the time co-
ordinate. Moreover assume that the symmetric matrix a(x;t) := ( a;; (x;t))
is positive de nite for all x 2 D andt 2 R*.

In addition, let ¢ €: D R* ! R, beC (D) in the space, and con-
tinuously di erentiable in the time coordinate. Finally as sume that e is
positive, and € is bounded from above.

De nition 3 (Time-inhomogeneous (E; € e; D)-superdi usion)

(i) The (E; € e;D)-superdi usion is a measure-valued (inhomogeneous)
Markov process, X; P"; 2M ;(D);r 0), thatis, afamily fP " g
of probability measures whereP ' is a probability on C([r; 1 )) and
the family is indexed by M (D)) [0O;1 ), such that the following
holds: for eachg2 C; (D) and 2M ¢ (D),

E' [exp h X¢;gi]=exp h ;u(;r;t0)i; 9)

whereu = u( ; ;t;g) is a particular non-negative solution to the back-
ward equation

@Qu=FEBu+ %@ a&? inD (0;t);
im u(;r;t0) = o(): (10)

(i) To determine the solution u uniquely, use the equivalentforward
equation along with the minimality of the solution: x t > 0 and
introduce the “time-reversed' operatorp onD (0;t) by

E’:::—;r a +bHr; (11)
where, forr 2 [0;t],
a(;r):=a(;t ryandf(;r):= 8t r);
furthermore let
“ir):= €t r)and A(;r) = e(tr):

Consider now v, the minimal non-negative solution to the forward
equation

@u=b+ Vv «~? inD (0;t);

imv(;ritg) = g0): 42

10



Then

u(;r;tg)=v(;t r;to):
(See also [8] concerning the construction of minimal non-rgative so-
lutions for forward equations.)

As we will see in Lemma 1 (b), one way of de ning a time-inhomogneous
superdi usion is to start with a time-homogeneous one, and hen to apply
an H-transform'. In general, the H-transform of a time-inhomogeneous
superdi usion is de ned as follows. Let0<H 2 C% (D) C% (R*)and
let X be a (€; € e;D)-superdi usion. We de ne a new processX ! by

H

X{ = H(; )Xy thatis, ‘j;;t =H(;t) ; t O (13)
t

This way one obtains a new superdi usion, which, in general,is not nite
measure-valuedbut only - nite measure-valued. That is, if M (D) denotes
the family of all ( nite or in nite) measures on D, then

XfomMm (D)= 2M (D)jH(;t) * 2M {(D)g

(c.f. [5], p. 688.)

In [5], Section 2, it was shown, that, from an analytical poirt of view,
the (spatial) h-transform of the superdi usion is given by a certain trans-
formation of the corresponding semilinear operator. This emains the case
for the space-timeH -transform. The following result was proved in [8].

Lemma 1
Let X" be de ned by (13). Then

(@ X"isa E+a"f r;e+ Lt 4+ @i e ;D -superdi usion.

(b) In particular, if X is a time-homogeneougL; ; ;D)-superdi usion,
and H is of the form

H(x;t):= e ch(x); (14)
where . is the principal eigenvalue ofL + |, and h is a positive

solution of (L+ )h= ch,thenXH isa(L+a%" r ;0; he <';D)-
superdi usion.

11



Remark 2 (Unbounded €s) Asitis already the case with the spatial h-

transform for superdi usions, it is possible that the coe c ient € transforms

into a new coe cient that is no longer bounded. In fact this can be the very

de nition of superdi usions for certain unbounded €'s (see [5], Section 2 for
explanation).

Remark 3 (Invariance of LLN) When the function H is of the form
H(x;t) = h(x)r(t), the validity of the Law of Large Numbers is invari-
ant under the transformation. Indeed, if 06 f belongs toC (D), then so
doesg := hf, and if the initial (nonzero) measure belongs toM . then so
does := r(0)h . Furthermore,

P fi  WXgg
B hxH:fi E WXggi’

and the invariance follows by letting t ! 1

4 Proofs
4.1 Proof of Theorem 1

Having the H -transform at hand we now reformulate our assumptions and
also the statement in terms of the space-time weighted sup@rocessXH,
where H is of the form

H(x;t):= e ch(x); (15)

¢ is the principal eigenvalue ofL + , and h is the function appearing in
the assumption. Let us use the shorthandu®:= @u. We claim that h is
a positive solution of (L + )h = ch. To see this note that (A.2)(c) with

= yyields limy; s Si(f)(x)= h;fi h(x) forx 2 D andf 2 C{ (D).
Then, de ning b(t;x) = (x)+(log s)° the equation (L+ )h = h follows
from the fact that u(t;x) := S;(f )(x) solves

(L+ Ju=ul
and thereforev(t;x) := s; u(t;x) solves
(L+ Jv=V® (logs)Y;

that is
L+b  Hv=2

12



Indeed, rst note that
lim sup b(t;x) (x) =0:
tl oD

Then a standard argument (see [5], p.708) together with the scond relation
in (A.2)(@) gives that w(x) :=lim 7 v(t;x) = H;r (dy)i h(x) belongs to

C?% and solves the steady state equationl( + cJw = 0. Then, also
(L + ch=0: (16)
Abbreviate
ho rh
Lo:=L+ aT r a7)

and note that in fact
Lo(uy=(L+ O"u)=h ML+ J(huy=H YL+ + @(Hu):

Let S = fSsgs ¢ denote the semigroup corresponding to the operator
Lg, that is, S := S". Since the semigroupS corresponds to an operator
with no zeroth order part (i.e. to L),

Sel L (18)

If the diusion process corresponding to LB on D is conservative, then in
fact Sg1 = 1; in general one only has (18). (See more on conservativess
and its connection to a uniformly integrable martingale in the Appendix).

Since (16) holds,X " is a (L + a% r ;0; he <!;D)-superdiusion by
Lemma 1(b). From now on P will denote the probability corresponding to
X H . By recalling the de nition of S and de ning

=h; g :=f=h; q:= hr
one can reformulate (A.2)(c) as follows:
(A*.2)(c) tI!ilm h (dx);st St(g)(x)i = hg;g k k; g2 CI(D); 2M g:
Similarly, (A.3)(d)-(A.3)(e) become _
(A*.3)(d) limyy B hwt Bf > oI =0, and

(A*.3)(e) limy1 sup,p, S, S (9)(x) hag;d =0;92C{ (D).

13



Finally, the theorem itself transforms into the following statement: if 0 6
g2 Ci(D)and 06 2 M (D); then in probability,

hXtH;gi _ Wi

am 2 XFg KK’

or, equivalently, in probability,
Jim sihwi;gi = hg; W (19)

(In the equivalence we used thatS is the expectation semigroup along with
(A*.2)(c).)

In order to show (19), the main idea is to use the comparison wh the
deterministic ow as in [8], nevertheless, there is an essdial di erence. In
[8] we argued that by considering some large timé+ T (where bothtand T

are large), the changes oK are negligible after timet, while the remaining
time T is still long enough to distribute the produced mass accordig to the
ergodic ow given by the H -transformed migration. We then let rst T and
then t go to in nity.

Reading carefully the proof in [8] one can see that this methd relied
heavily on the ergodicity of the ow and would break down here Hence,
instead of letting rst T and thent go to in nity, we now de ne

T:= Tt = it
Similarly to [8], the strategy is to
(a) show that the total mass more or less stabilizes by timeTy,

(b) identify the limit of the scaled ow (starting from the state of the
process atT;) at time t + T;

(c¢) show that it agrees with the scaling limit of the measure-vdued process
itself.

Of course, @) is simple: being a supermartingale, thetotal mass converges

tIlilm kWik=W.; P as: (20)

Unlike in [8], however, we do not knowa priori, that the limit is non-zero,
and moreover, one cannot proceed further without exploitirg what is known
about the radial speed of the process. Therefore we continuas follows.

14



Let fZw,(S)gs o denote the deterministic ow starting from the (random)
measureW;. Since givenW¢,

hZw,(t);01 = W(dx); S (9)(X)i;

one has

P (js hZw.(v);gi k Wikhg;gj > ) A¢+ By (21)
where

A= P kWik stuch:jst(S A(X) haigi >

i
Bii=P W, D{ >0:
By (A*.3)(d-e), one has limy; Ay =limy; By =0. Hence,
Jim P (s iZw,(0igi k Wekhg;gj > )=0: (22)

From this, along with (A.3)(c) and (20), one obtains the scaling limit of the
ow :
Jm P s 2w (g Wihgg > =0 (23)

Our goal is therefore to show thatthe scaling limit of the ow agrees with the
scaling limit of the measure-valued processTo achieve this, recall (A.2)(b).
A computation using Chebysev's inequality and the supermatingale prop-
erty (essentially the same computation as the one giving fanmula (28) in [8])
yields:

) ) .. B kwk
P (jst+ 2w, (1);00 S+ Wi gij > ) C ﬁetct 5
k k 2 .
¢ 2 c€ ct St+ t?

whereC = C(kgk;k h k) := 18 kh k kgk?. Recall the abbreviation T := .
If we show now that

: 2 = Q-
tl!llme SteT =0

then we are done, since this implies

Jim P (ist+ 12w (T);gi  St+THWieTgij > ) =0:

To estimate e °'s? ;, observe that its logarithm can be estimated by
the rst condition in (A.2)(a):

log e °'s’; = t+2logsuT t+2klog(t + T);

15



with some k > 0 and, by (A.3)(b),
tI'ilm [ ct+2Klog(t+ T)] = Itilrln t[ ct+2klog(t+ T)=t]= 1

This completes the proof. 2

4.2 Proof of Theorem 2
In [6] the following was shown.

Proposition 2 ([6], Theorem 3) Assume that the di usion process cor-
responding toL on D is not conservative and that

sup (x) <1 and x)> 1 : (24)

inf
x2D x2D
Then the compact support property does not hold.

(In [6] this was stated for D = RY, but the proof goes through for general
D too.)

Using this result, Theorem 2 follows easily by applying anh-transform.
Indeed, let us suppose thatX possesses the compact support property but
the di usion corresponding to LB is not conservative. Since the support of
the superprocess (and thus the compact support property topis invariant
under h-transforms, therefore X" possesses the compact support property
too. On the other hand, sinceX " is the (L]; ¢; h ;D)-superprocessL} is
not conservative, and h is bounded from above, Proposition 2 implies that
the compact support property does not hold; contradiction. 2

4.3 Proof of Theorem 3

Recall that in our notation x is the d-dimensional vector (x1;X»;:::; Xq) and
let h(x) := exp(cx1). A straightforward computation reveals that X" is the
superprocess corresponding to the operator

1 c?
L T
2 @x 2
and starting at := h . Therefore, X" in a coordinate system
x§=x1 ot x§= x5 xJ = xg

is equal in distribution to the super-Brownian motion corresponding to the
operator

2
2

+ u hu?

NI =
+
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(This can be derived easily for example from the log-Laplacequation (2).)
By Theorem 1, this latter one obsys the Law of Large Numbers beause

(x) exp(cxy) is bounded andc < = 2 guarantees that . > 0. (Of course
the limiting random variable depends onc.) For X" this means that if
06 f2CI(D)and06 2M ¢(D); then in probability,

: hX 1, £ (€D W1
lim = ;
il B R f (e k k

where

fCO(x) = f(xq+ ct;X2] 1 Xq);
and W; = W ... Denoting g := hf , we obtain thatif 0 6 g2 C} (D) and
06 2M ¢(D); then in probability,

im X i _ Wy |

tl E WX g@i  h;hi’
where g(®) (x) := g(x1 + Ct;X2; 23 Xq). 2
5 Appendix

In this section we provide some background material regardig various prob-
abilistic and analytic concepts. These can be found more copietely in
[5, 8, 12].

5.1 The particle picture for the superprocess

In the introduction we de ned the (L; ; ;D)-superprocessX analytically.
In fact, X also arises as the short life time and high density di usion Imit
of a branching particle system which can be described as follows: in the
n" approximation step each particle has mass 2n and lives a random time
which is exponential with mean 1=n. While a particle is alive, its motion is
described by a di usion process corresponding to the operatr L. At the end
of its life, the particle dies and is replaced by a random numier of particles
situated at the parent particle’s nal position. The distri bution law of the
number of descendants is spatially varying such that the mea number of
descendants is 1+%, while the variance is assumed to be 2(x). All these
mechanisms are independent of each other.

See Appendix A in [5] for a precise statement on the particle pproxi-
mation.
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5.2 The generalized principal eigenvalue

Let Y be the di usion process onD corresponding toL, and denote by P*
the law of Y starting at x 2 D. Then from a probabilistic point of view, the
generalized principal eigenvalue can be equivalently exgssed as

Z t

1
¢ = sup lim ~logE* exp (Ys)ds ; A >t ; (25)
fA: A D; @Ais CZ g“:L t 0

for any x 2 D; where A :=infft 0 :Y; 62Ag, and the C% -boundary
is de ned with the help of C% -maps in the usual way. (See Section 4.4 in
[12] on the subject). Hence, since is bounded from above, . < 1 ; and it
is known from standard theory that for any ¢, there exists a function
0<f 2C?% (D)suchthat (L+ )f = f onD. (See Section 4.3 in [12].)

5.3 Uniform integrability and conservativeness

Just like in [8], we show that
h Z1

Jim ar (X™My=  dse?<Sh; Sgh%i<1: (26)

- 0
We will also see that if the di usion process*? corresponding toLB onD is

. <H . . . h . f
conservative, thenX " is a uniformly integrable P" -martingale, whereas in
oH . . h . :
general, X ' is a (non-negative) B" -supermartingale. Clearly, only in the
latter case it becomes an issue whether the limit is non-zero
Indeed, if ¥ is conservative, then consider the class

C(D):= ff 2C?(D): 90 D boundedst:0 D;f =conston D nOg:
By Lemma 1(b) along with Theorem A2 in [5], we have that for allf 2 C(D),
dhx i fi = XS LBFi dt+d M (F); (27)

wherefM(f )g: o is a square-integrableP" -martingale, and its quadratic
variation hM (f )i is given by
Z t
MM (f)ig= dse <X hf 2%i; t O (28)
0

(The point is that one can take the function classC(D) instead of just C2(D)
when ¥ is conservative.)
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Applying (27) to the function f 1, it follows that X" is a Bh -
martingale. Furthermore, by (28),
z t
B" hx!;1i? = h;hi2+ dse °Shh; S¢[h i (29)
0
That is
h —n Zy Zy
Yar (X;)= dse °Sth; Sg[hli= dse 2°<5h;S¢[h2i: (30)
0 0
Letting t!1  we obtain (26). Replacingt by 1 in the rst of the integrals
in (30), we have from (18) and from our assumptions that
Z 1
Qarh (YtH) dse °*hh; S¢[hii c'khk hhi<1:
0

Hence, by (29), sup (B (Yﬁ)2 < 1 ;and consequentIyYH is uniformly
integrable.

Let D := D[f g be the one-point compacti cation of D (when the
underlying di usion process ¥ is non-conservative onD, is the cemetery
state for ¥). Relaxing the assumption on the conservativeness oR, the
argument in [5], pp. 726{727 shows that, although one camot work directly
with the function class C(D) (only with its subclass C2(D)), extending X "
with P appropriately onto D with P makesX " a PP -martingale. Now,
since the mass on the cemetery state is nondecreasing in tine, therefore
X" is less than this martingale by a non-decreasing process, # is, it is
a PM -supermartingale (In the non-conservative case, intuitively, mass is
“lost' at the Euclidean boundary of D or at in nity.)

Acknowledgement.  The author owes thanks to J. Biggins for a helpful
discussion regarding the proofs in [1] and [14].
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