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Asset Price and Wealth Dynamics in Discrete Time:

Let S(K) denote the price of assat timek.

S(k+D =1+ m+w(K)S(K) i=1.n

\

W g Elw]=0

/m  -- Expected Return _é 0
Where W --iid Noise Term _g:a ElwwW]=S
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Asset Price and Wealth Dynamics in Discrete Time:

Sk+D) =L+ m+w(K)S(K) i=1.n

Assume that we can investlimn  of §(&).

Let u,(k) denote the dollar amount investedy(k)
Letr; be a risk free rate of interest
Let W(k) denote your wealth at time

W(k+1) = (L 1 )W) + 8 (- 1) +w () (k)

=1
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Asset Price and Wealth Dynamics in Discrete Time:

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+6l((/77 r)+w (k) (K)

=1
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Finance Problem #1ndex Tracking

min EFA WK - 1(K)%0
[ k=0 y
S(k+1) = (1+m+W(k))S(k) i=1.n

W(k+1) =(1+r, )W(k)+a (2= v+ wi (k) (k)

=1

Primbs

An index is a weighted average ofstocks: | (k) = q a,S (k)

i=1

The index tracking problem is to trada of the stocks and a
rir sk free bond I n order to

One possible measure of how closely we track the index
IS given by an infinite horizon discounted quadratic cost:



Finance Problem #1ndex Tracking

min EFA WK - 1(K)%0
I k=0 y

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+a((m r)+w (k) (K)

=1

Limits on short selling: U (k)2 O
Limits on wealth invested: U, (K) ¢ HW(K)
Value-at-Risk: Priw(k)2 g(k))? 1- d

et cé
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Finance Problem #2: Dynamic Hedging of Options

Primbs

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+a (2= v+ wi (k) (k)

=1

Trade a portfolio to replicate an option payoffS(N) - K)”

1 Option
time 0 : ' | ”
StrikeK timeN Strike K S(N)



Finance Problem #2: Dynamic Hedging of Options

Primbs

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+a (2= v+ wi (k) (k)

=1

Trade a portfolio to replicate an option payoffS(N) - K)”

1 Option

Stock

/ F—

time 0 i i ”
StrikeK timeT Strike K S(N)




Finance Problem #2: Dynamic Hedging of Options

maxd

u

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+a((m r)+w (k) (K)

=1

E[W(N)]- gvarfW(N)] 2 d
EIW(N) - (S(N) - K)]- gvarfW(N) - (S(N) - K)] 2 d

for a well chosen'!

It could also be subject to short selling constraints,
transaction costs, etc.




Linear Systems with Multiplicative Noise

S+ = (1+/77+W(k))3(k) i=1.n
W(k+1) =(1+r, )W(k)+a((m r)+w (k) (K)

=1

eS (k)
€ 4 ‘J
e
(k)= eSn(k)U
Y S

X(k+1) = AX(K) + BU(K) + & (G x(K)+ Du(k)w (K)

=1




| will study anexpectationconstrained SLQ type problem

— p—

K)g exk _R Og_
mlﬂ Efa 2@( ) ( )ggrl where 4 M ) RH—O _

1 o219} &(k) 0=
< subject to: )
x(k +1) = Ax(K) + Bu(k) + a (C x(K) + D.u(k) Jw (k)

=1

%x(k)zHex«)z TeX(k)g0¢ ,
6§J<k>u Qikd” &u(k) o

/"

Ideally, | would also consider chance constraints
P(@'x(k) +b'u(k)¢c)2 1- d
but these are too difficu
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In this talk, | will present:

= Newly developed SDP based stochastic receding horizon
control methods for constrained linear systems with
multiplicative noise.

=% Theoretical and practical challenges in stochastic
formulations of constrained RHC.

== Numerical result$or financial engineering problems.

Primbs
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|deally, one would solve the optimal infinite horizon problem...

v

N T T N N SR MO Y N N
sove..  ——F——F—F—F—F+—1+—1+—1—11

Instead, receding horizon control repeatedly solves finite
horizon problems...

solve..

a4

Horizon N

- —
- nalaa - -

implement
initial control
action

resolve... ! Horizon N

implement
initial control , .
action | 4 ! : : : : : : : :

resolve... ' Horizon N

Primbs
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So, RHC involves 2 steps:

1) Solve finite horizon optimizations dime
2) Implement the initial control action

Instead, receding horizon control repeatedly solves finite
horizon problems...

solve..

a4

Horizon N

- . -
-l - -

implement
initial control
action

resolve... ! Horizon N

implement
initial control , .
action | 4 ! : : : : : : : :

resolve... ' Horizon N
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So, RHC involves 2 steps:

1) Solve finite horizon optimizations dime
2) Implement the initial control action

Instead, receding horizon control repeatedly solved finite
horizon problems...

solve..

a4

Horizon N

- . -
-l - -

implement
initial control
action

resolve... ! Horizon N

implement
initial control , .
action | 4 ! : : : : : : : :

resolve... ' Horizon N
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In receding horizon control, we consider a finite horizon optimal
control problem.

, u(i|k),i=02 N-1 |

solve.. : : : : : : : : :

f Xu(1[k),1 =02 N Horizon N

From the current stat€k), let:

/N denote the horizon length

Uy (I |K),i =02 N - 1 denote the predicted control
Xy (1 | k),i =02 N denote the predicted state

\_ Note that: X, (0| k) = x(k)

We will impose an open loop plus linear feedback structure:
/"

Uy (01K) =iy (0] K),
< Uy (1K) =0y (1K) + K [K)[X ([K) - X (1 K)]
where X (i |K) = E [ Xy (i [K)] and Ty (i |[K)I A"

N—
Primbs 20




We will use quadratic expectation constraints (instead of
probabilistic constraints) in the ame optimizations.

Constraints will be in the form of quadratic expectation constraints
—

%SXN(Ilk)ﬂ eXN(I|k)g fTeXN(Ilk)qu;b - _
CoxoN) < B8 T &0l Enaniofe”” 1T N

x(k)(XN(Ilk)H XN(i|k)+(fX)TXN(i|k))¢bX =12 N

N—
Note that stat®nly constraints areot imposed at time=0.

Primbs
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Receding Horizon Oiine Optimization:

4 .. ) A

L Fruidex (ilk)g  ex (i 1el f
O e o S ol M iofe” O
subject to:

P(X(K), N)< Xy (i +1]K) = Axy (i [K) + Buy (i [K) + é (€% i 1K)+ Dyuy G 1K), ()

(% (@K), Uy (@K T C(x(K), N)
Uy (01 K) =Ty (O1K), Uy (i 1K) =Ty (i 1K) +K (i [K)Xy (i 1K) - %y (i 1K)
fx(k)(xL(N IK)Fx (N |K))¢ a

== \We denote the the optimizing predicted state and control sequence by

—

Primbs

us, (i |K) andx, i | K).

The receding horizon control policy for staig)is Uy (O] k).
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This problem has a line@uadratic structure to it.

Hence, it essentially depends on the mean and variance
of the controlled dynamics.

For convenience, letu(i) = U, (i | K), x(i) = X (i | k)

S(i) = Eyo[(x(0) - X()(x(1) - X())']

=» mean satisfies: X(I +1) = AX(i) + BU(i)

== CcOvariance satisfies:
S(i +2) = (A+BK(i))S(i)(A+ BK(i))"

+3 (C, +D K(i)SEH)(C, +D,K())"

-
J q

+& (C;x(i)+D,u(i))(C;x(i)+ D,u(i))’

=1

Primbs
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Receding Horizon OCiine Optimization as an SDP (fgr1l):

RHO(x(K), N) <

Primbs

_ o el - X (U
/VN (x(k)) = u(qg)n(r}@):, iazz)Tr(I\/IP(|)) +Tr(FP (N))g
subject to:
X(i +1) = AX(i) + Bu(i)
& S+ AS(i)+BU(i) CS(i)+DU(i) Cx(i)+Du(i)g
S(AS(i) +BU ()" S(i) 0 0 3_0
CS(i)+DU(i))" 0 S(i) 0 o
& (Cx(i) + DU(i))” 0 0 1 g
& PO e P (i) *@
gs) UT@] S@) *3=0 P@=¢ 7 g
ax"()) u"()] 0 1y € u
. eX(i)g .
Tr(HP@{))+fT¢ 3¢ b =02 N-1
(HPO)* g
Tr(H*P@))+ () x() ¢ p*  i=12 N
\_ Tr(FPX(N))¢ a
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By imposing structure in the dme optimizations we are
able to:

=% Formulate them as serdefinite programs.

== Use closed loop feedback over the prediction
horizon.

== |ncorporate constraints in an expectation form.
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So, RHC involves 2 steps:

1) Solve finite horizon optimizations dime ~/
2) Implement the initial control action

Instead, receding horizon control repeatedly solved finite
horizon problems...

solve..

a4

Horizon N

- . -
-l - -

implement
initial control
action

resolve... ! Horizon N

implement
initial control , .
action | 4 ! : : : : : : : :

resolve... ' Horizon N
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So, RHC involves 2 steps:

1) Solve finite horizon optimizations dime Wf
2) Implement the initial control action
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initial control
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Three important questions:

Stability:
Does the receding horizon approach guarantee asymptotic
stability?

Performance:
What can be said about the performance of the receding horizon

strategy versus the optimal infinite horizon strategy?

Constraint Satisfaction:
What can be said about the satisfaction of constraints over the
Infinite horizon under the receding horizon strategy?

Primbs
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To characterize stability properties togird constraints, we

1) Impose a terminal cost at the end of the finite horizon.

2) Impose a terminal constraint at the end of the horizon.

- lgng(uk)raT (1K) f
V,, (x(K)) = mln Ex(k"[.aoa@ i 1l MgJN(ilk)HQ+XN(NIk)FxN(NIk)§

X'l X is a StochastityapunovFunction

Terminal Constraint: E, ,, (x{l (N |K)Fx (N] k)) ¢a

3) Address feasibility 1 ss.!
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A feasiblilityissue.

Sincewe have stochastic dynamit¢lere is some

probability that we may encounter infeasible states for the
on-line optimizationproblems.

Two ways to deal with this infeasibility:
== Stop the system when/if it goes infeasible.

== Define a control policy when infeasible state are encountered.

We take the second route...

Primbs
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Consider the following policy:

Primbs

Define: G| ={x|V,(¥) </}
Lett be the stopping timef = min{k\ x(K)1 GK,}
And define the control policytl’ (k) = UT\, (0] k)l{z‘>k} T U, (k)l{z‘(l:k}

Whereur\, (0| K) is the receding horizon based policy with finite
horizon costV,, (X)

U, (K) is the optimalinconstrainegbolicy with infinite
horizon cost.V"(X)

™
w >
K <—— Switch to optimal
RHC policy is used > unconstrained

32



More Feasiblilitylssues

time
K— solve..

implement
initial control
action

k+1 — resolve...

—

[uy (i K),i=12 N- 1
A

~

!

Horizon N

A 4

Is this feasible?

Horizon N

y

-

[U,(i]0),i=12 N-1
corresponding teRHC(X, N)>
is feasible foRHC(y, N - 1)

F, Is the describes the set of states where the solutiowilitbe feasible at the
next time step. The probability of this set will play a role in our stability

results!

Primbs
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Theorems:

Stability:
Assume that for allxl G, we have
X'Qx- /P(Gg) 2 r(lIxI)
wherer is a clasK function andG, =F,C(G)°.
Then under the control policy’, x(k) - 0 with probability one.

The proof involves showing th&(k) given by

V (k) =V, (X(k))l{t>k} +Vaun(x(k))]1t¢k}

IS a stochastic Lyapunov function (i.e. is a supermartingale).

Primbs
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Theorems:

Performance;
For all xi G,

V() +1 & PGSy At >K}) 2 V(%) 2 V2"(%)
k=0

whereV,™(X) is the infinite horizon cost associated with

This result follows from the stability result.

Note that when feasibility is not an issue (PgF,)=1), then the
finite horizon cost is a bound on the infinite horizon performance.
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Theorems:

Constraint Satisfaction:

Primbs

Letl be such that foxl G| we havex'Qx- /P,(F{)>0, " x, O.

Th
o P &upv, (x(k)) 2 / §e u

k20

Thus, the random paths stay®  with probability at IEa ( X)

and hence the receding horizon policy is applied over the
Infinite horizon with at least this probability. Furthermore,
under the pure receding horizon polify0|k) we have that

é‘@ x(k) & & x(k) g e XKk) g 8 V, (X)
P * ) H A * ) f ¢ b 2 1
2ol ool &l 7o T

A similar result can be stated for the statdy constraints, but with respect
to modified feasibility sets thanhpose stat®nly constraints ait=0.
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To circumvent these feasibility issues, one may use a
soft constraint approach.

Replace hard ¢ g@XN (i |k)ﬂ H Xy (1 |k)ﬂ &% (l |k)ﬂ0¢ 5
constraint X(k)ﬁj (i |k)u gj (i |k)u gJ (i |k)

with a soft S‘@XN (] k)@ H eXN (] k)@ eXN (] k)g0¢ b+d
constraint X(k)@ A gJ (i |k)u g.l (i |k)L’I

and penalizel Fr 1gng (i |k)ﬂ eXN (i Ik)zO _p

in objective 1) 0! %, 110} &0l Yd§

This can be solved as an SDP, an@laraysfeasible terminal
constraint can be used to guarantee stability with probability

(See Primbs 007 CDC submiss
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Example Problem:

Dynamics

x(k +1) = Ax(K) + Bu(k) + (Cx(k) + Du(k) (k)

8.02 - 0.1g
_301 O98u

_ €004 0o
S0 004

Cost Parameters

Primbs

e01 Og

B=4 U

§.05 0.01]
2004 0 g
"€ 004 0008}
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Example Problem:
Optimal Unconstrained Cost to go:
V(x(K)) = X" (K)F (k)
_&410331 - 5.792%
& 57929 543889
Terminal Constraint
E o[ X (N[K)FX(N|K)] ¢ 45
State Constraint
E[- 2x (K) + %, (K)] ¢ 2.3
Horizon

N =10
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State and Terminal Constraints

Level Sets of the State and Terminal Constraints.
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Uncontrolled Dynamics

/5 Random Simulations from Initial Conditioi®[3,1.2].
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Optimal Unconstrained Dynamics

Optimally Controlled Unconstrained System

/5 Random Simulations from Initial Conditioi®[3,1.2].
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RHC Dynamics (Hard Constraint)

Receding Horizon Controlled System

/5 Random Simulations from Initial Conditioi®[3,1.2].
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RHC Dynamics (Soft Constraint)

/5 Random Simulations from Initial Conditioi®[3,1.2].
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